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The thumb carpometacarpal joint:
curvature morphology of the articulating surfaces,
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Purpose: The purpose is to present a mathematical model of the function of the thumb carpometacarpal joint (TCMCJ) based on
measurements of human joints. In the TCMCJ both articulating surfaces are saddle-shaped. The aim was to geometrically survey the
shapes of the articulating surfaces using precise replicas of 28 TCMCJs. Methods: None of these 56 articulating surfaces did mathemati-
cally extend the differential geometrical neighbourhood around the main saddle point so that each surface could be characterised by three
main parameters: the two extreme radii of curvature in the main saddle point and the angle between the saddles’ asymptotics (straight
lines). Results: The articulating surfaces, when contacting at the respective main saddle points, are incongruent. Hence, the TCMCJ has
functionally five kinematical degrees of freedom (DOF); two DOF belong to flexion/extension, two to ab-/adduction. These four DOF
are controlled by the muscular apparatus. The fifth DOF, axial rotation, cannot be adjusted but stabilized by the muscular apparatus so
that physiologically under compressive load axial rotation does not exceed an angle of approximately ±3°. Conclusions: The TCMCJ can
be stimulated by the muscular apparatus to circumduct. The mechanisms are traced back to the curvature incongruity of the saddle sur-
faces. Hence we mathematically proved that none of the individual saddle surfaces can be described by a quadratic saddle surface as is
often assumed in literature. We derived an algebraic formula with which the articulating surfaces in the TCMCJ can be quantitatively
described. This formula can be used to shape the articulating surfaces in physiologically equivalent TCMCJ-prostheses.
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1. Introduction

Both cartilaginous articulating surfaces of the
thumb carpometacarpal joint (TCMCJ) are saddle-
shaped. Under compressive joint loads this unique
shape is said to allow only small contact areas. Hence,
the large prevalence of osteoarthritis (AO) at the
TCMCJ is attributed to high contact pressures loading
the cartilage [3], [12], [13], [20], [28].

The articulating surfaces interact so that in ab-
/adduction the concave part of the trapezium articu-
lates with the respectively convex-shaped part of the

os metacarpale, and that in flexion/extension the con-
vex part of the trapezium now articulates with the
respectively concave-shaped part of the os metacar-
pale [7], [15], [16], [22], [27], [30]. At the sides of ab-
and adduction joint spaces were found to be partly
filled with synovial foldings [22], [27]. In flex-
ion/extension the articulating surfaces were said to be
congruent [27].

Ateshian et al. [2] have surveyed both articulating
surfaces by stereophotogrammetry (SPG) fitting each
surface using a single parametric biquintic function.
The differences between the two functions suggested
a common curvature incongruence of the articulating
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surfaces. Schmidt and Geissler [30] investigated both
surfaces via silicon replicas. Cutting both replicas in
a radio-ulnar or dorso-palmar direction, they confirmed
common curvature incongruence. However, neither
Schmidt and Geissler [30] nor Ateshian et al. [2] took
the main saddle-point of the respective articulating
surface into account, albeit at this unique point, the
pair of the local main curvatures shows the maximal
extreme values. At all other surface points the local
extreme curvatures are smaller.

Our group developed a functional model of the
TCMCJ [10] in which the joint’s natural home posi-
tion is given when the two articulating surfaces con-
tact at the main saddle points of both articulating
surfaces. By means of this functional model we
qualitatively deduced some kinematical characteris-
tics. In this study, we present the experimental con-
firmation of this model. For this purpose we at first
remember the role of the main saddle point O (Fig. 1).
At point O the saddle surface can be sectioned by two
perpendicular planes, such that the cutting edge of
both planes coincides with the normal in O, and the
line of intersection, k(z, x), is extremely concave,
while the other, k( y, z), is extremely convex. At all
other points, the respective extreme curvatures are
smaller than those at point O. To describe the saddle
surface, the main point O is taken as the origin of the

Fig. 1. Qualitative illustration of the saddle surface
of the Os trapezium, it is the proximal articulating surface

in the TCMCJ in lateral projection (left side).
O = main saddle point.

The extreme convex contour kfp(y, z) is practically aligned
in flexion/extension, the extreme concave contour kap(z, x)

in ab/adduction. z-axis is directed to distal, y-axis to palmar,
x-axis to ulnar. At the point O the contour kfp(y, z)

has the curvature radius Rfp and contour kap(z, x) the radius Rap.
The asymptotics through the main saddle point

are a1p and a2p. They include the angle αp

co-ordinate system, the normal in O as the z-axis, and
the directions of the extreme curvatures as the y- or
x-axis. Other planes that run through O and the z-axis
produce intersecting lines whose curvature values at O
are between the curvature values of k(z, x) and k( y, z).
Because k(z, x) is the extreme convex (positive cur-
vature) and k( y, z) is the extreme concave (negative
curvature), two straight lines (curvature = 0), the so-
called asymptotics, must exist among the intersection
lines. These asymptotics are easily located by apply-
ing a straightedge at point O. In addition to the radii of
curvature of the extreme contours the angle between
the asymptotics, α, is the third crucial geometric pa-
rameter needed to characterise a saddle surface.

The purpose of this study is to present a mathe-
matical model of the function of the TCMCJ based on
the measurement of human joints.

Aims of the investigations in detail

1. To measure the radii of curvature of the extreme
concave and convex contours as well as the angle
between the asymptotics at the main saddle point
for each articulating surface in order to describe
quantitatively basic biomechanical properties of
TCMCJ investigated.

2. To show empirically that each saddle surface rep-
resented the differential-geometrical neighbour-
hood around its main saddle point and to quantita-
tively describe the surface using a simple algebraic
relation of the three measured parameters, both
extreme radii of curvature and the angle between
the asymptotics.

3. To discuss kinematical properties of the TCMCJ
when the articulating surfaces contact at the main
saddle points (home position).
Gender and body side were used as statistical vari-

ables.

2. Materials and methods

Data were collected from human autopsy material
(Anatomic Institute, University of Greifswald). The
specimens were preserved in a solution that largely
maintains the stiffness and hardness of articular and osse-
ous structures [14]. Altogether 28 TCMCJs were investi-
gated from 7 females and 7 males aged 53–91 yrs (me-
dian of 81 yrs). The joints showed no signs of arthrosis.

At first we produced several accurate-scale repli-
cas of the 56 articulating surfaces using highly precise
dental moulding methods. We already successfully
used this procedure to study the curvature morphology
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of the articulating surfaces in interphalangeal and
metacarpophalangeal joints in previous works [8], [9],
[11]. On the accurate-scale models of the articulating
surfaces we firstly scrutinized and marked the location
of the main saddle point and the directions of the ex-
treme curvatures using a straightedge and a binocular
loupe. These models were sectioned through the main
saddle point O along the extreme curvature contours
k(z, x) and k(y, z) to produce the respective contours of
ab-/adduction or flexion/extension. We precisely took
into account that both planes must be perpendicular to
each other. The main radii of curvature were deter-
mined by radii templates and the two asymptotics
were determined using a straightedge on the replicas.
The angle between the straight lines was measured
using a simple angle gauge.

3. Results

In all 28 joints, each contour of extreme radii of
curvature could be fitted within the functional range
by a circle. Therefore each articulating surface was
proven to be restricted to the mathematical neigh-
bourhood around its main saddle point. Table 1 pres-
ents the radii of curvature and the angles between the
asymptotics at the main saddle point. Table 2 presents
the mean, standard deviation, t-, and p-values of the
differences between the proximally and distally meas-
ured values. The centres of the extreme curvatures of
the proximal surface were always located distal to the
respective centres of curvature of the distal articulat-
ing surface; hence the differences in radii were always
positive. On both articulating surfaces, the asymptot-
ics intersected at almost 90 deg. Nevertheless, a small

Table 1. Radii of the extreme curvatures and angles
between the asymptotics at the main saddle point.

The radii, whose centres of curvature
were located distal/proximal from the articulating surface,

were geometrically set positive/negative.
This definition corresponds to the co-ordinate system in Fig. 1.

The angles (αp, αd) were measured in the sector
which included the contour line of flexion/extension.

Rap, Rad = curvature radii in ab/adduction:
Rfp, Rfd = curvature radii in flexion/extension

Variable Mean SD min max
Rap /mm 13.3 1.6 10.0 17.0
Rfp /mm –7.3 1.5 –5.0 –10.0

Proximal
articulating

surface αp /deg 86.6 3.1 82.0 98.0
Rad /mm 11.0 1.2 9.0 13.0
Rfd /mm –8.1 1.2 –6.0 –10.0

Distal
articulating

surface αd /deg 90.1 2.5 86.0 96.0

but statistically highly significant difference (3.5 deg)
was observed between the angles of the proximal and
distal asymptotics. Figure 2 illustrates these mean mor-
phological parameters true to scale.

Table 2. Difference statistics:
In ab/adduction as well as in flexion/extension the differences

between the radii of the extreme curvatures,
measured at the main saddle point in each articulating surface,

were highly significant. The angle between the asymptotics
on the saddle surface of the Os trapezium was smaller

than the respective angle on the saddle surface
of the Os metacarpale I though both angles were near to 90 deg

Variable Mean SD t-value p
(Rap – Rad)/mm 2.36 1.37 9.13 < 0.0001
(Rfp – Rfd)/mm 0.82 1.12 3.87 < 0.0001
(αp – αd)/deg –3.5 2.7 6.72 < 0.0001

Fig. 2. Imprints of the four contours with extreme curvatures
through the main saddle point of a TCMCJ (source document).
The imprints were enlarged in order to read the respective radii

of curvature by means of circular templates.
The magnification factor was controlled by the scale paper.

The main point O of the contours was found
by comparison with the plaster casts
and the original articular surfaces.

Note: the contours have good picture sharpness

Detailed variance analyses (ANOVA) revealed
that gender or body side were statistically insignifi-
cant.

Mathematical description
of the articulating surfaces

If section planes did not include the normal in the
main saddle point O, the section contours could have
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unpredictable shapes; they could even be s-shaped, as
Schmidt and Geissler [30] observed. By sectioning with
two planes that meet at the curves k(z, x) and k( y, z) of
the extreme curvatures, the inherent co-ordinate sys-
tem of both saddle surfaces was found empirically.
The plane curves k(z, x) and k( y, z) with the extreme
curvatures defined the z-x- and the y-z-plane (Fig. 1).
The cutting edge of both planes defined the normal
(z-axis) in the main saddle point O, the origin of the
coordinate system. Only by this procedure could
mathematically interpretable data be obtained.

Since we did not observe any difference between
the contours of the extreme curvatures at saddle point
O and the approximating circles in any of the 4 times
28 individual sections (Fig. 2) it follows mathemati-
cally from these striking approximations that each
articulating surface investigated can be generated by
a set of plane parabolas whose apices coincide with
main saddle point O and whose planes, which include
the angle ϕ in the y-x-plane, run through the normal at
point O. Curvature κ (= 1/R, R = curvature radius) in
the apex defines every parabola definitely and κ solely
depends on the angle ϕ

κ(ϕ) = 1/R(ϕ). (1)

For quadratic saddle surfaces Euler wrote formula
(1) to

ϕκϕκϕκ sincos=)( 22
af + . (2)

Because the main curvatures κf and κa have oppo-
site signs, there are two directions, ±ϕ , with vanishing
curvature (asymptotic directions) which are deter-
mined by
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The angle α between the asymptotics is then
given by

f

a

R
Rarctan2=−= −+ ϕϕα . (5)

For quadratic saddle surfaces, the three parame-
ters, which we have independently measured, the
angle between the asymptotics (α), the radius of
curvature in ad-/abduction (Ra), and the radius of

curvature in flexion-/extension (Rf,) are definitely
related.

Considering α = 90 deg, as approximately found
for both surfaces (Table 1), it follows that Ra/Rf = 1.
For each articulating surface, however, the ratio of the
two extreme radii of curvature was much larger than 1
(proximal surface: Rap/Rfp = 13.3/7.3 = 1.82; distal
surface: Rad/Rfd = 11.0/8.1 = 1.36; Table 1). Hence, the
data proved that the TCMCJ saddles are definitively
non-quadratic surfaces. The assumptions of Bausenhardt
[4], Littler [24] and Marzke et al. [25] to model the ar-
ticulating surfaces by quadratic hyperbolic surfaces are
rejected and not applicable to the TCMCJ.

To derive an algebraic formula, which relates
the curvature (κ(ϕ)) of the intersecting line for each
intersection alignment (angle ϕ), we have to extend
Euler’s formula for quadratic saddle surfaces to
non-quadratic surfaces in order to describe the
TCMCJ [6].

First, we rewrite Euler’s formula (2) as

ϕκκκκϕκ
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2
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or

ϕϕκ 2cos)( 20 cc += . (6)

We interpret this Euler equation (6) as a Fourier
series truncated after the second harmonic – and we
propose truncating the Fourier series after the fourth
harmonic

ϕϕϕκ 4cos2cos=)( 420 ccc ++ . (7)

Equation (7) has an additional constant to de-
scribe the curvature as function of angle ϕ. Inserting
three measured curvatures into equation (7) leads to
a solvable system of equations for the constants c0, c2
and c4.

With the mean values measured on the proximal
surface (κfp = 1/Rfp = 1/7.3 mm; κap = 1/Rap =
–1/13.3 mm; α = 86.6 deg) the mean proximal surface
is given by

κp(ϕ) = 1/Rp = 0.0122 mm–1 + 0.106 mm–1·cos(2ϕ)

+ 0.0187 mm–1·cos(4ϕ), (7a)

and quantitatively illustrated in Fig. 3.
Consequently, the simplest mathematical procedure

is to generate each articulating surface by parabolas,
whose symmetry axes coincide with the z-axis, whose
apices coincide with the main saddle point O, and whose
main curvature in the apices depends on the rotational
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angle ϕ around the z-axis. The functional range of
the articulating surfaces, in all TCMCJs investigated,
was found to be limited to the mathematical region
near the main saddle point. In this region, each
parabola can be approximated by the radius of cur-
vature of its apex. In Fig. 3, the illustration of the
saddle surface exceeds this mathematical neighbour-
hood. The functional part of the surface lies within 7
mm of the main saddle point as is made evident by
the functional cuts (Fig. 2). In contrast to Ateshian et
al. [1], both articulating surfaces are described by
rather simple algebraic relations with only one inde-
pendent variable (angle ϕ).

Furthermore, formula (7) gives the essential key
for shaping the articulating surfaces of functional
TCMCJ endoprostheses.

4. Discussion

4.1. Curvature incongruence
of the articulating surfaces

Regarding the TCMCJ, Du Bois-Reymond [7]
wrote: “The radii of the curvatures of the articulating
surfaces, which belong together, are considerably
different. A stronger convex curvature always touches

a weaker concave curvature.” As mentioned above,
Ateshian et al. [1] and Schmidt and Geissler [30] re-
ferred to this curvature incongruence. Our measurements
confirmed these statements quantitatively; significant
differences in radii were up to 11% in flexion/extension
and 21% in ab/adduction. At the home position, the
joint has only one contact point, which enlarges under
a compressive force to a small contact area according
to the law of Hertz [23].

4.2. Number of kinematical degrees
of freedom of the TCMCJ

For more than 150 years, the prevalent doctrine in
functional anatomy has assumed that the TCMCJ has
only two kinematical degrees of freedom (DOF), i.e.,
that only one stationary rotational axis for flex-
ion/extension and one for ab-/adduction would exist
[2], [5], [15]–[17], [19], [20]. Hollister et al. [18] tried
to determine these two assumed axes using a method
similar to axiography of the temporomandibular joint
in dentistry. Nägerl et al. [26] have shown that axiog-
raphy determines the position of a non-stationary
instantaneous rotational axis (IRA) given by two in-
dependent instantaneous rotations around a mandibu-
larly and a maxillarily fixed axis. Hence, Hollister did
not determine the number of DOF in the TCMCJ.

Fig. 3. Contours of intersections through the TCMCJ in home position, true to scale corresponding to Table 1:
The two articulating surfaces contact in the respective main saddle points.

By that the common origin O of the co-ordinate systems is defined.
Full/pointed lines: Contours of the distal/proximal articulating surface. cv = convex, cc = concave contours.

(a) The y-z-plane cuts the articulating surfaces in flexion/extension producing contours of extreme curvatures.
The concave contour (cc) of the distal surface has the larger radius of curvature (Rfd > Rad).

The respective centre of curvature Mfd is proximally located from the centre of curvature Mfp of the proximal articulating surface;
(b) The x-z-plane cuts the articulating surfaces in ab/adduction producing also the contours of extreme curvatures.

The centre of curvature Map of the concave contour of the proximal articulating surface (radius Rap)
is distally positioned to the centre of curvature Mad of the convex contour of the distal articulating surface (radius Rad);

(c) The y-x-plane cuts the distal saddle surface in asymptotics ad1 and ad2 showing angle αd
and the proximal saddle surface in asymptotics ap1 and ap2 (angle αp)
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In guiding joint motions, the two incongruent ar-
ticulating surfaces have biomechanically equal rights
[8], [10]. Hence, out of home position, TCMCJ-
flexion/extension can be performed by rotations
around the curvature centres Mfd and Mfp or simulta-
neously around both (Fig. 4). Similarly ab-/adduction
can also occur by independent rotations around two
centres (Mad and/or Map, Fig. 4). Because the angles
between the asymptotics differ for the saddle surfaces,
a small axial rotation can occur when first moving out
of home position. During this small rotation the con-
tact at the saddle points remains constant (Fig. 4).
Hence, our measurements proved that the TCMCJ has
five kinematical DOFs according to five morphologi-
cally given axes as previously suggested [10] by our
group. Analogously we found five DOFs for the
metacarpophalangeal joint [11], which is usually said
to be a “ball-and-socket” joint with three DOFs. In
both joints, the four DOF of ab-/adduction and flex-
ion/extension are actively controlled by the muscular
apparatus. Axial rotation, however, can only passively
follow an external axial torque.

Fig. 4. Type of non-quadratic saddle surfaces of the thumb TCMCJ.
The illustration shows the mean proximal surface true to scale.

The surface is generated by parabolas.
The apices of the parabolas kap(z, x) and kfp(y, z)

have the extreme curvatures κap(z, x) and κfp(y, z).
The asymptotics (ap1, ap2) have vanishing curvature.

Point O, the origin of the co-ordinate system,
is the common apex of all intersecting parabolas.

The surface drawn exceeds the area of the biological
articulating surface which is mathematically limited to the differential

geometric neighbourhood around the main saddle point O
which hardly exceeds the radius of 10 mm around point O

4.3. Stabilisation of axial rotation
in TCMCJ

Because both the TCMCJ and MCPJ have five
DOF, the question of the mechanical advantage of the

saddle shape arises. In the MCPJ, the egg-shaped
proximal joint surface articulates in a wider cup, and
axial rotations are hindered only by ligaments [29]. In
the TCMCJ, however, there is a unique mechanism of
axial stabilisation as we previously suggested [11]:
After axial rotations of ≈ ±1.75 deg, the asymptotics
of the proximal and distal surface coincide such that
the contact “point” is enlarged to a contact “line”. As
soon as the rotational angle exceeds 1.75 deg, the
contact “line” splits into two contact “points”. These
contact points are located at outer areas of the articu-
lating surfaces, causing a dehiscence to emerge in the
centre of the TCMCJ. Subsequently, the trapezium
and the metacarpal bone spiral apart, as was already
observed by Du Bois-Reymond [7] and demonstrated
by Köbke and Thomas [21] in experiments on models.
Indeed, the muscular apparatus acting on the TCMCJ
is then not able to produce axial rotation, but it can
produce high resulting compressive force. This mus-
cular force is compensated by two joint forces, whose
lines run through the contacts and do not intersect
because of the special shape of the saddle. Therefore,
a resulting counteracting torque is produced, which
directly increases with dehiscence size when further
axial rotation occurs. This torque hinders further axial
rotation and/or spirals the joint back to home position.
Thus, in the TCMCJ, axial rotation is essentially sta-
bilised by the muscular apparatus in a simple way; the
muscles need only to produce a compressive resultant
force. In the MCPJ this mechanism fails because the
shapes of the articulating surfaces do not allow two
temporary contacts. This stabilisation of axial rotation
corresponds to the report by Cooney and Chao [5]
stating that under loads axial rotation in the TCMCJ is
always small.

4.4. Rolling of the articulating surfaces
in the TCMCJ and circumduction

Napier [27] and Kuczynski [22] illustrated that,
during ab/adduction, the contact area simultaneously
migrated on both articulating surfaces in the same
direction, causing the joint space to open behind.
Ateshian et al. [2] confirmed these findings of Napier
and Kuczynski and additionally described an analo-
gous migration of the contact area during flex-
ion/extension. The contact area was shifted towards
volar regions not only on the trapezium but simulta-
neously also on the metacarpal. The findings of
Napier, Kuczynski, and Ateshian demonstrate that the
articulating surfaces roll to a certain extent during ab-/
adduction or flexion/extension. In the MCPJ, partially
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rolling cannot occur because the contact area migrates
on the articulating surfaces in opposite directions
during flexion/extension and ab-/adduction [10].

Fig. 5. Kinematical functions and geometrical alignment
of the five kinematical DOFs of the TCMCJ in home position

(according to [15]): the angular velocities ωap and ωad
around the morphologically given axes Map and Mad

in ab/adduction are perpendicular to the angular velocities
ωfp and ωfd around the morphologically given axes Mfp and Mfd

in flexion/extension. The position of the axes are given
by the radii of curvature measured in the saddle point:

OMap = Rap, Oad = Rad, OMfp = Rfp, OMfd = Rfd (Table 1).
ωr = angular velocity of axial rotation

When considering pure rolling (Fig. 5) the instan-
taneous rotational axis must run through the contact.
According to the laws of kinematics, this would take
place if the neuromuscular apparatus met the follow-
ing conditions on the angular velocities:

Ab-/adduction:

adapa ωωω
rrr

+= ,   with   
ap

ad

ad

ap

R
R

=−
ω
ω

. (8)

Flexion/extension:

fdfpf ωωω
rrr

+= ,   with   
fp

fd

fd

fp

R
R

=−
ω
ω

. (9)

Rolling circumduction: In general, it is possible to
guide the extended thumb around a cone, whose apex
lies in the TCMCJ. Therefore, the metacarpal bone
does not axially rotate. In this case, the motions of
ab-/adduction and flexion/extension must be phase-
delayed.

fares ωωω
rrr

+=   with  )cos( taoa Ω⋅=ωω
rr

and   )sin( tfof Ω⋅=ωω
rr

. (10)

When the angular velocities ( aω
r

 and fω
r

) alter-
nate according to equations (10), the resulting instan-
taneous axis of rotation, IRAres, pivots about the z-axis
of the proximal articulating surface. Correspondingly,
the long axis of the metacarpal bone moves along
a cone-shaped shell without rotating around its long
axis. The circumduction occurs in a rolling manner;
the contact of the articulating surfaces circulates
around the z-axis of the CMCJ in conjunction with the
respective joint space on the opposite side.

5. Conclusions

The articulating surfaces of the TCMCJ cannot be
approximated by quadratic saddle surfaces, as is
commonly thought. The data show that Euler’s for-
mula for quadratic saddles is not valid for the
articulating surfaces of the os trapezium or os meta-
carpale I.

Each saddle surface can be quantitatively de-
scribed by the extended Euler relation κ(ϕ) = c0 +
c2·cos(2ϕ) + c4·cos(4ϕ) around its main point. The
surfaces can be approximated by a set of parabolas
whose curvatures, κ(ϕ), in the apices follow the ex-
tended Euler relation.

The articulating surfaces of the TCMCJ show con-
siderable curvature incongruence.

The TCMCJ has five kinematical DOFs. Flex-
ion/extension and ab-/adduction have one DOF for
each articulating surface such that flexion/extension
and ab-/adduction have four total DOFs actively
controlled by the muscular apparatus. The passive
kinematical DOF of axial rotation is automatically
stabilised by the muscular apparatus when producing
a compressive joint force.

Circumduction can be controlled by the muscular
apparatus in such a way that the articulating surfaces
predominantly roll over one another. By that friction
is reduced.

The presented data give clear outlines for the con-
struction of a functional prosthesis for the TCMCJ.
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