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In vivo study of human mandibular distraction osteogenesis.
Part I: Bone transport force determination
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Distraction Osteogenesis (DO) is a surgical technique used to reconstruct bone defects. The evolution of forces acting during DO is
known to be strongly influencing the clinical issue of the treatment. The aim of this study was to determine experimentally the time-
dependent forces imposed on bone regenerate by a distraction device in the case of a mandibular DO consecutive to a gunshot wound. To
evaluate the bone transport forces, some fixing pins of the distraction device were equipped with strain gauges. Measurements were done
during the first weeks of the treatment. An equilibrium analysis was achieved to determine the forces acting in bone regenerate from
strains in the pins. Those quantities evolved during the records approximately from 5 N to 34 N and 2 N to 0-0.3 N for the tension and
shear forces, respectively, depending on the record duration. For the longest record, the callus lengthening reached 0.17 mm during
75 minutes. This decrease of force and simultaneous callus extension can be attributed to the viscosity of regenerate and the elastic en-
ergy release of the device. Essential data were obtained concerning forces, extension and their evolution during mandibular DO. The low

force level obtained was attributed to the absence of resistance of the soft tissues in the case of ballistic trauma restoration.
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1. Introduction

Distraction osteogenesis (DO) consists in the
lengthening of a bone by means of a mechanical de-
vice. Bone is split into two parts and one is then
moved away from the other at an adapted rate. If this
rate is too high, DO will fail to create new bone in the
gap and if it is too low, exaggerated resistances in
lengthening can be encountered due to early consoli-
dation (ILIZAROV [1]). Bases for DO have been set up
in the fifties of the 20th century (ILIZAROV [2]). Since
the end of the 1980’s, DO has been widely and suc-
cessfully used in craniofacial surgery for different
purposes (KARP et al. [3], MCCARTHY et al. [4]). The
indications of this technique are mainly congenital

malformations and craniofacial traumas. For the first
category of indications, internal devices are generally
used to achieve the distraction osteogenesis. Con-
cerning traumas with significant bone defects, exter-
nal bone transport devices are often indicated (LABBE
et al. [5]).

Bone distraction forces in maxillofacial surgery
have already been studied in the past in human man-
dible (ROBINSON et al. [6]). Unidirectional screw-bolt
type devices were used and the distraction forces were
determined from the activation torque. Patients were
undergoing unilateral or bilateral DO following con-
genital diseases. This study was aimed at measuring
the maximal distraction forces at each increment with
no consideration of the bone regenerate time-dependent
behavior.
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LoBOA et al. [7] measured, by ex vivo experi-
ments on a rat model, the tension forces and dis-
placements and quantified the stresses and strains
occurring throughout mandibular distraction. In ad-
dition, several studies explored bone transport forces
in lower limb DO. Most of them attempted to deter-
mine the link existing between forces and clinical
issue (ARONSON [8]; ARONSON and HARP [9];
BRUNNER et al. [10]). Others tried to determine the
origin of these forces (GARDNER et al. [11];
GARDNER et al. [12]; HOLLIS et al. [13]; WOLFSON
et al. [14]; YOUNGER et al. [15]).

The purpose of this work was to determine the
evolving transport forces of bone regenerate during
the early phases of human mandibular DO.

2. Materials and Methods

2.1. Patient and treatment planning

One 37-year-old male with multi-tissular facial de-
fect from a gunshot trauma was considered in this
study. The patient was undergoing DO reconstruction
for a 60 mm defect of the mandible and attached soft
tissues, including skin cover. An external custom-
made bone transport device (DEOS, OBL, France, see
figure 1a) was used. After surgery, a latency period of
six days was observed. The distraction system was
activated twice a day at a mean daily rate of 1 mm.

Mobile carriage Posterior pin ~ Fixed carriage

Anterior pin Rail

a) Fixed carriage

Fig. 1. Views of the whole custom-made bone transport device (a)
and pin equipped with strain gauges (b)

The patient gave full specific consent and the re-
search protocol received approval by a local ethic

committee. The measurement procedure did not inter-
fere with the treatment planning.

The apparatus includes two fixed carriages used
to anchor the device on bone and at least one mobile
one for bone segment transport. Pins are clamped to
each carriage to fix the device on bone using plate
implants. The mobile carriage is displaced thanks
to an endless screw — nut set. The nuts are incorpo-
rated into the carriages. The endless screw that can
be referred to as the rail has for particularity to be
custom-bent for each patient to optimize the bone
path. In the case presented here, the treatment con-
sisted in a bifocal DO with one mobile carriage
(LABBE et al. [5]).

2.2. Measurement equipment

To determine distraction forces during the acti-
vation process, two pins of the distraction device
were equipped with strain gauges (Vishay USA
EA-06-015LA-120), namely the posterior pin of the
mobile carriage and the anterior pin of the fixed one.
As distraction forces are relatively moderate com-
pared to the device strength, it was necessary to iden-
tify a part of the device undergoing significant defor-
mations to ensure precision of the measurements. The
flexible pins appeared to be good candidates. They are
submitted to significant bending stresses and play the
role of reservoirs of elastic energy enabling continu-
ous bone distraction. They were chosen for the place-
ment of the gauges. Besides, the distraction device
had to be sterilized before surgery and thus endured
exposition during 20 minutes to steam at a tempera-
ture of 134 °C under the absolute pressure of 200 kPa.
The measuring gear was chosen and set up in conse-
quence.

Since it is impossible to glue the strain gauges
after the DEOS set up, the mounting position was
foreseen with the surgeons’ help using CT-scan files
exploited in a CAD software package (3-matic, Mate-
rialise Software, Belgium). An example of a distrac-
tion pin equipped with strain gauges is shown in
figure 1b.

2.3. Modus operandi

Strain values were recorded by means of a data ac-
quisition system (SCXI, National Instruments, USA)
connected to a PC computer. The acquisition was
done using a LabView program (National Instru-
ments, USA). Records started about one minute be-
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fore the activation of the bone transport device and
ended about one hour later.

The activation in the first week was conducted
during hospital stay for clinical surveillance and pa-
tient’s education. The recording procedure described
above was repeated for each distraction increment
during this week. The patient was discharged home at
the end of the week and was asked to keep activating
the device himself twice a day. Two additional meas-
urements were done during check-ups of the patient at
post-operative weeks 4 and 6.

2.4. Data post processing

Figure 2 illustrates a typical geometric configura-
tion of the DEOS during DO. To develop the formulae
used in data post processing, a local orthogonal coor-
dinate system is attached to each carriage. Its x-axis is
oriented towards the regenerate and is contained in the
rail plane. The y-axis is parallel to the pins clamped to
the carriage considered and points the bone. The far-
thest pin from the regenerate is named “pin 1”. The
following geometrical parameters are used to describe
such a configuration:

B,

e 2¢ defines a mean value of the bone segment
thickness,

e b is the distance between pin 2 extremity and
the regenerate section,

e wis the distance between pins’ extremities.

Let 0 be the displacement increment imposed to the
mobile carriage (typically 0.5 mm) tangent to the rail.
This displacement causes deformation of the pins and
generates the following distraction forces acting on

callus: F,, S, C,., ie., the tension force, shear force

and bending moment, respectively. The system is
sketched in figure 2 in initial and deformed configura-
tions.

By the action-reaction principle, the forces
applied to the transported bone segment are defined
by:

F=-F, §=-§,, C=-C,. (1)
To determine these actions, the equilibrium of the
system composed of two pins and the transported
bone segment was analyzed. The details of this analy-
sis are provided in Appendix A.
In the general case sketched in figure 2, the solu-
tion of the above problem is given by:

6E, I, 6E, I,

F= 2W 3 —2({ B, +
(Al” +a”) L-2g 1,-2g,

JJrAl(Tl +T2)}

Ll -2g) L(l,-2g,)

S =
(A* +a°)

w { A z( 2Bl + EL0) | 2Bl + E,1,0)

J+a(T1 +T2)}

h(h—2g) L, -2g,)
2
2 2
CoTa—(T +T2)[bﬁ—eA—lj+ B +2gE 10 | 1B, +28,E,1,0
w w L -2g) L, -2g,)
_ 2(L,w+bAl + ea) ( 5+ Bib gj _ 2(Lw+bAl + ea) ( PR HJ
w(l, —2g)) I, w(l, —2g,) L
e [, and /, are the working lengths of pins, where:
e ¢ indicates the distance between the two pin
axes of the same carriage, 0— 1 5, T 3)
e o is the angle orienting the instantaneous dis- a\ E,4, E A
traction direction with respect to the coordinate sys-
tem, and

e g, and g, locate the pin section comprising
gauges with respect to the holder,

e T, and T are the internal tension forces,
e F; and E, are the pins’ Young’s moduli,
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Fig. 2. Diagram of static analysis parameters: (a) initial configuration, (b) deformed configuration

e A, and A4, are the pin sections,

e B, and B, are the internal bending moments,

e ], and I, are the moments of inertia,
for pins 1 and 2, respectively.

In the case of “perfectly mounted” device defined by
the following relationships, with 7 taking values 1 and 2:

L=I; w=a; g,=g;
4)
A=4; I,=1;, E =FE,

the above solution of equilibrium problem takes much
more compact form:

S=T+1,
F=—i[32+i(7;—m}
I-2g Aa
C:_M_F(Té _TI)M_TKC’”’)_EZ’
[-2g Aa(l-2g)
)

Moreover, it is assumed in the present work that
the moment C can be neglected. This hypothesis
is well verified here, as the distance between the
pins is large enough compared to their diameter,
i.e., a > d. In that case, the measurement of internal
actions of one pin per carriage is sufficient to de-
termine the distraction forces F and S. System (5)
becomes:

_ @ A(-22)T, —2aA(2e+1)B, —8I(I +e—2)T,
aA(l-2g)a+b)—-4I(l+e—g)

S
(6)
Fe 8B,1 —4Aa(a+b)B, —41(a+2b)T,
aA(l-2g)a+b)—4l(l+e—-g)

The regenerate interface displacement can be cal-
culated using:

d(C)=(f,—e0)é, = (v, +bO), (7)
with
VZZTLI
EA ®
i _ =3z CnL-$) 12 bl
> I-2g EA 3a 6EI(l-2g)

corresponding respectively to the elongation and de-
flection of the second pin, see figure 2.
The rotation angle fis given by:

,_len-5)

EAa ©)

The internal actions 7; and B; produce strains &,
& and &, at gauges G;, G,, and G, respectively. By
measuring these strains, one can find the internal
actions as well as the unknown angle ¢ defining the
relative orientation of gauge G; with respect to the
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Fig. 3. Gauges positioning parameters

bending plane. As illustrated in figure 3, the orienta-
tions of gauges G, and G; with respect to gauge G,
were defined by the angles « and f, respectively.
The following relations detailed in Appendix B are
valid:

T, =AE:ér
2E.I (10)
Bi = gBmax
d

where the strain components due to the tension force
and bending moment are given by:

P sin(f—a)—¢&,sin B+ &;sina

, 11
! sing —sin B +sin(f —a) (1D
c _ (& —g)sinf—(&—¢)sina
Bmax — — sina—sinﬂ+sin(ﬂ—a)

A
x/(tan® @ +1) ——, (12)
sin A
with tan¢)=82_g3+(83_81)cosa+(51_82)COSﬂ'

(&5 —¢)sina+ (s —&,)sin
A is called the gauge angle and is defined by the
gauge width p and pin diameter d:

p
A e (13)

The gauge length is denoted by A. This procedure
was automated and applied to all records through
a Fortran program. The values of various parameters
corresponding to the DEOS and geometric character-
istics of the gauges are summarized in table 1. This

table also specifies the initial length lf and average

thickness of bone regenerate e as well as its section 4.
and quadratic moment /. estimated thanks to the pre-
distraction CT scan exam of the mandible.

Table 1. Values of the different parameters used

. Posterior | Anterior
Parameter | Unit . . .
mobile pin | fixed pin
a mm 10
b mm 5 20
8 d mm 2.5
A g mm 23 19
! mm 72 66
E MPa 135,000
- A mm 0.51
?:;n p mm 0.51
8 a ° 90 90
yi ° 225 225
@ e mm 5
2 g I mm 1.5
S =
@ & A, mm’ 285
& L mm’ 3780

The forces acting on each side of the distracted
bone regenerate were determined considering sepa-
rately the strain measurements on the fixed anterior
and mobile posterior pins. This enabled us to plot the
curves of bone regenerate loads versus time and to
estimate the quality of our results by comparing the
actions computed from the fixed and mobile sides.

3. Results

3.1. Strain measurements

The above-mentioned procedure enabled us to cre-
ate a database containing nine strain records. Al-
though the device was manipulated by the patient with
care, some parts of the measuring system were pro-
gressively damaged making the last two records
(weeks 4 and 6) incomplete or mistrustful. For these
reasons they are not reported here. Finally, only six of
them permitted the calculation of internal actions of
the pins, callus force and callus extension as the data
concerning activation 6 were unusable. Besides, for
various reasons, during the first and second activations,
the strains of only one pin were exploitable, namely on
mobile carriage for the first activation and on fixed
carriage for the second one.

The duration of each record (#.,), depending on
the patient’s convenience, is summarized in table 2 for
the six successfully performed records. All data that
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Fig. 4. Longitudinal strains versus time for the 7th activation:
(a) posterior mobile pin, (b) anterior fixed pin
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Fig. 5. Distraction forces versus time for the 7th activation
obtained from the posterior mobile and anterior fixed pins

could be treated led to similar curves. It must also be
noted that all the values of the recorded strains had

returned to zero before the beginning of a new dis-
traction, indicating a complete unloading of the dis-
traction device after a twelve-hour period. For all
these reasons, records are only presented for a typical
activation, i.e., the one done on the fourth day morning
(seventh activation).

Table 2. Record duration

Activation
number

toals] | 93 | 400

5400 | 1130 | 1100 | 1090 | 4400

The strains arising in mobile posterior and fixed
anterior pins are illustrated in figure 4. It can be noted
that records are quite perturbed due to patient’s ac-
tivities. The mean measured strain magnitude is
around 100 pm/m. Comparing with the precision of
the gauges (1 pum), these values are significant and
confirm the good choice of their positioning. The rec-
ords are fairly dissimilar for both pins as their angular
orientations defined by angle ¢ are different. The pro-
cedure presented above enabled us to estimate these
angles. The values obtained are quite the same for all
six records and equal —40° and 80° for the posterior
mobile and anterior fixed pins, respectively. These
results are not illustrated in this paper.

3.2. Tension and shear
distraction forces

Figure 5 shows the evolution of the tension dis-
traction force F' obtained from the posterior mobile
pin and the anterior fixed one. The results show the
same tendency for both curves confirming the va-
lidity of our approach. Two distinct phases can be
clearly identified: the activation phase where the
force rapidly grows up from zero to its maximal
value and the relaxation one where a slow decrease
of the force is observed. Ignoring noise, one can
estimate the maximal value to be approximately
4.6 N for both pins. After 75 minutes the distraction
force has been reduced to about 2.8 N for the mo-
bile pin and 3.6 N for the fixed one, corresponding
respectively to a loss of 38% and 20% of their ini-
tial values.

The shear forces S are not illustrated in this work
as they do not exceed 2 N during the whole distraction
process. The maximum value is obtained at the end of
each activation.
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3.3. Deflection of the pins
and callus elongation

The deflection of both pins and the consequential
callus extension are depicted in figure 6. The deflection
curves are very similar during the whole distraction pro-
cess. At the end of activation phase, i.e., after around 10
seconds, the sum of these deflections is close to 0.5 mm.
This value corresponds to the increment of displacement
imposed on the mobile carriage. During the remaining
measurement time, the deflections decrease monotoni-
cally to reach a value of approximately 0.18 mm.

—— Mobile pin deflection ——Fixed pin deflection

Callus elongation
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0
00:00:00

00:40:00
Time (hh:mm:ss)
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Fig. 6. Deflection of posterior mobile pin, anterior fixed one
and callus lengthening versus time for the 7th activation

The regenerate extension is obtained using the
following expression:

u=o—-f,—1,.

This expression is valid only after the end of acti-
vation. The evolution of # is monotonically increasing
during distraction. After 75 minutes of distraction,
a regenerate lengthening of 0.17 mm is obtained.

3.4. Evolution of distraction force
versus regenerate extension

The evolution of the distraction force as a function
of the callus lengthening is illustrated in figure 7 for
all valid activations. The number of points depends on
the record duration (see table 2). The time instant for
which the maximal value of distraction force is
reached is called peak time and denoted f,.4. For all
measurements, the forces and corresponding extension
values at #,., and ., have been estimated. Besides, if

available, these values were also estimated at #,.x + 60,
tyeak + 180, Lyear + 600, £, + 1800. It clearly appears in
figure 7 that all data are consistent. The slope of the
fitting curve provides the stiffness of the distraction de-
vice. This stiffness is estimated to be 10.03 N/mm. The
average peak distraction force remains roughly constant
for all activations and can be evaluated to 4.69 N.

7
W gctivation 1 & activation 2 A activation 3

6 & X activation 4 O activation 5 O activaton7 ||
3 — linear fitting
T 5%
[ [ *
5 43 X A
L
.5 3 * X Yy F =-10.03u + 4.69
E
§ 2 o
a [Tx

0

0 0.1 0.2 0.3 0.4

Regenerate extension - u (mm)

Fig. 7. Distraction force versus callus lengthening

4. Discussion

4.1. Strain measurements

The slightly noisy character of the signals of the
gauges (cf. figure 4) could not be avoided regarding
the measurement conditions. As the strain magnitude
is quite small (around 100 pm/m), high sensitivity was
required. Besides, the device inertia is important due
to the mass of the assembly suspended to long pins.
Consequently, small motions of the patient’s head
engendered perturbations of the recorded strain val-
ues. Even if the patient was asked to stay immobile,
some motions such as those due to deglutition could
not be avoided leading to a noisy response. It can also
be noted that the records obtained were particularly
perturbed during the activation phase when the dis-
traction device was handled by the surgeon or patient.
This testifies to its high sensitivity.

4.2. Distraction force

All curves of distraction force versus time exhibit
three distinct phases illustrated by figure 5. The first
phase corresponds to the application of the desired
mobile carriage displacement of 0.5 mm. During this
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phase, as the bone regenerate opposes to the motion of
the mobile bone segment, the distraction force in-
creases rapidly to reach its maximal value at the end
of activation, typically after 10 to 60 seconds. It can
be seen in figure 7 that this maximal value is quasi
independent of the activation number, i.e., of the cur-
rent callus length which expanded about 0.5 mm per
activation. This indicates a viscous behavior of the
regenerate. Indeed, the viscosity impedes instantane-
ous callus lengthening during relatively rapid activa-
tion phases. During this phase almost the whole acti-
vation energy is stored in the DO device mainly
inducing a pure bending of flexible pins. As the re-
sulting deflection of these pins is roughly constant for
all activations, a relatively stable value of the maximal
distraction force is obtained. The scatter of maximal
distraction force observed in figure 7 can partially be
attributed to the various activation time-spans.

The second phase is characterized by an exponen-
tial decrease of the distraction force typically during
300 to 500 seconds. This fast force drop is due to the
callus viscoelastic relaxation process. This phenome-
non was accompanied by a regenerate lengthening of
about 0.1 mm, see figure 6.

The third phase is distinguished by a continuous
decrease of the distraction force in a nearly linear
manner. On average, this force diminished from 3.7 to
3.2 N during a period of 4000 s and was accompanied
by an additional callus extension of about 0.05 mm. It
clearly appears that such an evolution of the force is
due to another viscous mechanism of regenerate
lengthening characterized by a relaxation time much
longer than that of the second phase.

The maximal or peak value of distraction forces
obtained in this work is surprisingly feeble (=5 N)
compared to the one obtained in the unique in vivo
study interested in early distraction force measure-
ments of human mandible (ROBINSON et al. [6]). The
same rate and rhythm as in our analyses were applied
for 8 patients and led to an average peak distraction
force value of 35.6 £ 13.4 N.

At least two reasons allow explaining these differ-
ences. First, for all patients treated by Robinson et al.,
relatively stiff distraction devices were used. There-
fore, the whole imposed displacement was practically
instantaneously applied to the regenerate. So, the
lengthened tissue underwent a “relaxation test” with
imposed strain step. This type of loading generates
high reaction of the viscous tissues as was observed
by many authors. The DEOS used in our analysis is
characterized by low stiffness (=10 N/mm) and high
stored energy. Immediately after a relatively slow
activation period, the callus extension for all records

did not exceed 0.05 mm for the displacement incre-
ment of 0.5 mm leading to a much smaller strain step
and consequently to the feeble value of peak distrac-
tion force. Moreover, in our case, during the rest of
the distraction cycle, the tissue underwent a creep like
loading with progressively diminishing applied force.
Finally, in contrast to the study of ROBINSON et al. [6]
concerning the treatment of indications such as man-
dibular hypoplasia, the soft tissues of our patient were
greatly destroyed by a bullet and did not participate in
resistance to the lengthening.

In their experimental analysis with a rat model of
mandible distraction in ex vivo conditions, LOBOA et
al. [7] determined the average distraction force peaks
ranging from 0.3 N for an end latency specimen
to 4.1 N for post-operative day 13. For the purpose
of comparison with our study, two additional differ-
ences have to be pointed. The rat’s callus cross-
section area was approximately 10 times smaller
than the human one and the rate of distraction was
0.25 mm twice daily. The important stiffness of the
ex vivo testing apparatus illustrated in figure 1C of [7]
as well as the short loading time of 0.5 s led to a re-
laxation type loading. The mean value of peak force
on 2 and 5 distraction days, well corresponding to our
tests, is about 0.65 N. Multiplying this value by the
ratio of the cross-section areas, a force of 6.5 N is
obtained which is 30% higher than the value of 4.6 N
determined in our study. This difference can probably
be attributed to the much higher load rate applied in
the tests by LOBOA et al. [7]. The soft tissues were
eliminated in Loboa et al.’s experiments.

These two comparisons clearly suggest that the soft
tissues bear a large part of lengthening load. In the lit-
erature concerning lower limb distraction, only 25%
of this load is generally attributed to the soft tissue re-
sistance; ARONSON [8]; ARONSON and HARP [9];
BRUNNER et al. [10]; Younger et al. [15], Hollis et al.
[13]. This percentage seems to be highly underestimated.
Our results support the WOLFSON’S et al. [14] and
GARDNER'’S et al. [11] thesis of a crucial role of the soft
tissues in the limb distraction resistance phenomenon.
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Appendix A

The obvious geometrical relations are considered:

. L-l A
sin @ = =—),
w w

(A1)

cosm="2. (A2)

w

Let X;, Yi, M; and X,, Y,, M, be the reactions
appearing at holders (see figure 3). The problem
being plane, three equilibrium equations may be
written. They correspond to the projection of forces

on x and y-axes and the projection of moments on
Z-axis:

X, +X,+Fcoswo—-Ssino=0
Y +Y,+Fsinw+Scosw=0

(A3)
C+M,+M,+(X,+X,)(, +bsinw+ecosw)

—Ya-(Y1+Y,)(bcosw—esinw)=0

Referring to equations (A1) and (A2), system (A3)
can be solved to express the unknown forces acting on
transported bone segment as a function of reactions
applied to pins:

w

F :_W[G(Xl +X,)+AI(Y; +7,)]
S=—ap%;§mm&+X»—aK+nn

(A4)

C=-M,-M,(X, +X2)(12 +bA—l+e1j
w w

w

+Ya+() + Yz)(bi—eA—lj
w

Each pin is considered as a beam clamped by the
holder. Thus, the well-known solution of the canti-
lever beam problem may be exploited to determine
these reactions experimentally. Let 77(y) and T»(y)
be the internal tension forces and B;(y) and Ba(y) the
resultant internal bending moments acting in a given
pin section defined by the y coordinate. These inter-
nal actions can be expressed as a function of the
problem reactions:

B(y)=-yX;,-M,. (AS)
On the other hand, they can be deduced from the
deformation of the pins. This point is addressed later
on. For the moment, it is supposed that these internal
actions are known at the locations y = g;, so the fol-
lowing relations hold:

Y, =T,

12

M;=-g,X,-B,, (A6)

where B; = Bi{g;). These four equations have to
be completed by two kinematic relations. The
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transported bone segment can be supposed perfectly
rigid in comparison to the pins and callus stiffness.
So, the distance between any two points of the seg-
ment is preserved and its rotation angle, around an
instantaneous rotation axis k, is unique during mo-

tion. If this rotation angle is small (€ < 1), the fol-
lowing relation holds for any two points of a rigid

body:

i(B)=ii(A)+0k A AB . (A7)

Let f;, v and 6. be the deflection, elongation and
rotation of the i-th pin extremity fixed to the bone
segment (points A and B in figure 2). It follows from
the above hypothesis and expression (A7) specified

for k =&, that:

6,=6,=0

fre. + Vzéy = fie, + vléy +0e, A(ae, + Aléy)

which leads to:

6,=0,=6
fHh=f-Alg (A8)
v,+6la=v,

On the other hand, the following results hold for the
cantilever beam problem:

2
po (M X,

EI\ 2 6

Yl
v, =—— A9
) (A9)

i
6, = M, +—’Z

E.Il 2

1

where E;, 4; and /; are Young’s modulus, cross-section
area and inertia of pin (i), respectively. Using (A9),
systems (A8) and (A6) can be solved with respect to
the unknown reactions:

V=T,
X, 2 B, + £l o (A10)
li-2g; l;
= 1 Zz l 2g1E111 o
l;-2g; l;
where

— l TZZZ _ Tlll . (Al 1)

a\ E,4, E4

Substitution of (A10) into (A4) leads to the prob-
lem solution:

6E,I, 6,1,

w B B,
=————-|—2a + +
(A" +a”) L-2g, I,-2g,

Ll —2g)

+A(T,+T,)
L, -2g,) b }

_(A12+a2) L(l,—2g) L(l,-2g,)
(A12)
2 2
CoTa—(T+T )(bg_em} B +28,E L0 | LB, +28,E,1,0
wow L, -2g) L, -2g,)
_ 2(Lw+bAl +ea) ( Pt 9] _ 2(L,w+bAl + ea) [ 8, + B GJ
w(l, —2g)) [, w(l, -2g,) L,
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Appendix B

Two coordinate systems are considered, see fig-

ure 3. The first one (O; e, Ey, e.) is attached to the

pin and has been introduced before. The second one

—*

O; e, e, é.) corresponds to the bending plane

(E’i =B¢é.) and is defined by angle ¢ with respect to
the first gauge G;. Assuming that the strain field in
a pin section considered is mainly due to the tension
force 7; and bending moment B,, the corresponding

strain components & and & exerted at point P are
given by:

T.
Ep =——, B1
T (B1)
5B(x*)=—BE" x .

This last strain can be expressed using the angle w
positioning the current point P with respect to E: .

B d.
& =—L Llcosy=¢ cosS B2
B (W) IiEi 2 W B max l// ( )
where
B d.
& =—L 1, B3
Bmax IE 2 ( )

The total strain is obtained by addition of (B1) and
(B2):

S(W) = gT + gBmax cosy . (B4)

Let p be the width of any gauge glued on a pin of

diameter d;. When p is comparable with d;, the strain

measured by the gauge can be significantly different

from that corresponding to the position of its centre.
Let A be the gauge angle such that:

_P
A= (BS)

The average strains recorded by three gauges are
given by:

P+A

P

p—A

(ST + gBmax Cos l//)dl//

o+A
8Bmax I
=g +——28% | cospdy
2A
o—A
p+a+A

(‘gT + gB max Cos l//)dl//
p+a—A
p+a+A (B6)

I cosydy

p+a-A

SB max

2A
@+ p+A
= 2A (gT + gBmax Cos l//)dl//

p+p-A

=&+

o+ [+A
I cosydy

p+p-A

83 max

=& +
T oA

where angles « and S locate gauges G, and G; with
respect to gauge Gj.
After integration (B6) becomes:

B sinA
& =&+ Ep —y Cose

& =&+ Epmax —Sle cos(p+ ) (B7)

83 = gT + gBmax SIZA COS(¢) + ﬂ)

This system has to be solved with respect to
@, & and &pma. After some transformations one
gets:

o & s1n.(,8—a?—52 s1T1,6’+g3 sina (BS)
sina —sin f# +sin(f —a)

This result enables determination of angle ¢:

& —&+(s5—¢&)cosa+ (s —&,)cos B

tan g = : :
(&5 —¢&)sina + (& —&,)sin

(B9)

A special case of pure tension leading to the divi-
sion by zero has to be considered separately.

Finally, the bending strain can be calculated using
the expression:
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‘93 max

Using (B8) and
1

cosp=——r—-——
y(tan* @ +1)

_(g—¢p)A
sin Acos @

the well-known

leads to:

A.-S. BONNET et al.

relation

gB max

(&, —g)sin f—(&;—¢))sina

sina —sin S +sin(f — a)

x 4/ (tan? ¢+1)'A.
s

mnA

(B10)
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