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The BEM-FDM model of thermal processes proceeding
in the domain of the human finger
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Purpose: The problem of the numerical modeling of thermal processes proceeding in the non-homogeneous domain of the human
finger is discussed. The domain considered constitutes the assembling of soft and bone tissues and the system of supplying blood vessels
(arteries and veins). The mathematical description of the process analyzed corresponds to the so-called vascular models. Methods: At the
stage of numerical modeling the algorithm being the composition of the boundary element method (BEM) and the finite difference
method (FDM) is applied. Results: The algorithm presented allows one to determine the steady state temperature field in the finger do-
main in natural convection conditions. To verify the effectiveness and exactness of the method of the problem solution, the thermal
imaging measurements of the finger surface temperature have been done. Conclusions: The compatibility of numerical and experimental
results (the natural convection conditions) has proved to be quite satisfactory. It is possible to use the algorithm proposed for the model-
ing of thermal processes proceeding in the conditions of low or high ambient temperatures and the big values of heat transfer coeffi-
cients. The impact of protective clothing on the temperature field in the domain of the finger can also be analyzed.
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1. Introduction

Mathematical models connected with the description
of thermal processes proceeding in the human finger can
be divided into two groups. The first group is associated
with the bioheat modeling of whole human body to pre-
dict skin and core segmental temperatures using physiol-
ogy and thermoregulatory functions [7], [21]. In such
models the human body is divided into the different
numbers of segments of varied shapes and dimensions
and the thermal interactions between the segments are in
different ways taken into account. The first multi-
segmental model of human body was presented by Stol-
wijk [29]. In this model, the human body is divided into
cylinders: trunk, arms, hands, legs, feet and a spherical
head. In each segment four concentric layers corre-
sponding to the core, muscle, fat and skin tissue are dis-
tinguished. The segments are connected through blood

flow in the arteries and veins and the appropriate thermal
control equations are formulated. In the more complex
model presented by Wissler [31] the human body con-
sists of fifteen cylindrical segments, while in the Fiala
model [3] the body is represented by fifteen spherical or
cylindrical elements (head, face, neck, shoulders, arms,
hands, thorax, abdomen, legs and feet). The idea of divi-
sion of the human body into sectors was applied many
times by different researchers as well. For example, in
paper [22], the most accurate and realistic representa-
tion of the arterial system including blood flow pulsa-
tion is presented and clothing model is introduced. In
work [4], the elliptical cylinders are used to represent
the body segments and eight types of tissues are con-
sidered: skin, fat, muscle, bone, viscera, lung, heart,
and brain. In paper [23], the hemodynamic model
which is an enhanced version of the Avolio model [1]
coupled with the circle of Willis [32] is presented and
it allows one to provide detailed information on perfu-
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sion of the inner organs and the brain. The authors of
paper [30] are presenting a more realistic human thermal
model and they use shaped and refined body segments
to simulate heat and mass transfer in the human body
during a transient process. In paper [24], the digital
thermal monitoring based on the response of finger
temperature to vessel occlusion and reperfusion is pre-
sented and a real geometric model of human hand inte-
grated with the hemodynamic model of blood circulation
in upper limb is developed.

The second group allows one to model the finger
as independent segment from the body but it requires
empirical inputs on the arterial and venous blood
flow. In this place, papers [25], [26] should be men-
tioned. The authors analyze the thermal processes
proceeding in the finger domain subjected to the dif-
ferent environmental conditions (the transient problem
has been considered). Taking into account countercur-
rent arterio-venous heat exchange the similar local
models have been developed by, e.g., Stańczyk and
Telega [27], Majchrzak and Mochnacki [9], [11].

This paper is intended to propose the numerical
model of heat exchange between the single human
finger and environment proceeding in the conditions of
natural convection (a steady state problem) and belongs
to the second group of the models mentioned above.
The algorithm presented allows one to consider the
different conditions on the external surface of the sys-
tem. In the domain considered the sub-domains of bone
tissue and soft tissue are distinguished. The finger do-
main is powered by the pairs of blood vessels (artery
and vein – the countercurrent flow is taken into ac-
count). The thermal effects of the small vessels action
are included in the Pennes equation [20] concerning the
soft tissue sub-domain (a perfusion heat source). From
a mathematical point of view the model of the process
is created by the system of PDE determining the tem-
perature distribution in the sub-domains of tissue and
the ordinary differential equations describing the blood
temperature changes along the vessels. It should be
pointed out that the equations describing blood tem-
perature are based on the model presented in [9]. In this
paper, the tissue and vascular models are coupled by
the conditions resulting from the continuity of the
boundary heat flux, additionally a certain iterative pro-
cedure must be taken into account. At the stage of nu-
merical computations the hybrid algorithm using the
boundary element method (a tissue model) and the
finite difference method (a vascular model) has been
applied.

The results obtained have been compared with the
measurements of temperature distribution on the fin-
ger surface done using thermal imaging techniques.

2. Material and methods

The real geometry of the human finger is approxi-
mated by the cylinder with dimensions R (radius) and
Z + L (height), at the same time the sub-domains of
bone tissue (cylinder of radius Rc) and soft tissue are
taken into account. The domain considered is powered
by the four pairs of vessels (artery and vein). The cy-
lindrical domain of the soft tissue located in the lower
part of the system corresponds to the fingertip (Fig. 1).

Fig. 1. Domain considered

The steady temperature field T (x1, x2, z) in domain
of soft tissue is described by the Pennes equation
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where λ is the thermal conductivity of tissue, cB is the
specific heat of blood, ρB is the blood density, GB [1/s]
is the perfusion coefficient, TB is the blood tempera-
ture in the capillaries, Qmet is the metabolic heat
source, T, x1, x2, z denote temperature and geometrical
co-ordinates.

The temperature field Tc (x1, x2, z) in domain of bone
tissue is described by the Laplace equation, namely,
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where λc is the bone tissue thermal conductivity.
On the contact surface between sub-domains consid-

ered the continuity of heat flux and temperature is as-
sumed
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where n⋅∇T (x1, x2, z) is the normal derivative.
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On the contact surface between soft tissue and ves-
sels the well known Robin conditions can be accepted
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where Γ1 are the surfaces between arteries and tis-
sue (Γ11, Γ12, Γ13, Γ14, Fig. 2), Γ2 are the surfaces
between veins and tissue (Γ21, Γ22, Γ23, Γ24), TB1(z),
TB2(z) are the arterial and venous blood tempera-
tures, α1 and α2 are the heat transfer coefficients. It
should be pointed out that artery and vein radiuses
are different.

On the outer surface of the system there is as-
sumed the boundary condition in the form
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where α is the heat transfer coefficient, Ta is the am-
bient temperature.

Fig. 2. The cross-section of the system

The temperature distribution along the vessels is de-
scribed by the following equations (the detailed consid-
erations of these equations can be found in [9], [15])
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where w1, w2 are the blood velocities in arteries and
veins, Tv1, Tv2 are the mean blood vessel wall tem-

peratures corresponding to co-ordinate z, R1, R2 are the
radiuses of arteries and veins. The last equations are
supplemented by the initial conditions TB1(0) = TB10
and TB2(Z) = TB20.

The above-formulated problem has been solved
using the hybrid iterative algorithm that is submission
of the BEM and FDM. In particular, the multiple reci-
procity BEM [8], [18], [19] is applied for the soft
tissue sub-domain (because of the non-zero value of
source function), the classical variant of the BEM
(e.g., [2]) for bone tissue sub-domain and the FDM
(the Euler method) for the vessels sub-domains.

Let us assume that the temperature field in the cross
section z = const. in the domain considered (Fig. 2) is
described by the following equations
– for soft tissue
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where

metBBB QTcGQ += ρ , (9)

– for bone tissue
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Equations (8) and (10) are supplemented by the
boundary conditions
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One can see that the heat conduction in z direction
is omitted here. This assumption is confirmed by the
course of the real process. The multiple reciprocity
BEM for the problem described by equation (8) leads
to the following integral equation [19]
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where ξ is the observation point, B(ξ) ∈ (0, 1]. The
coefficient B(ξ) is dependent on the location of
source point ξ. For all the points located inside the
domain Ωz the coefficient B(ξ) = 1. When the point
ξ belongs to the boundary Γz = Γ1z ∪ Γ2z ∪ Γ0z

∪ Γcz then this coefficient is equal to β/2π, where β
is the internal angle which the boundary makes at
point ξ.

Functions *
lV (ξ, x) are defined as follows
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In equation (13), q(x) = –λn⋅∇T(x) is the boundary
heat flux and *

lZ (ξ, x) = –λn⋅ *
lV (ξ, x).

The functions *
lZ (ξ, x) can be calculated analyti-

cally and then
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where

222111 cos)(cos)( αξαξ −+−= xxd , (17)

while cosα1, cosα2 are the directional cosines of the
normal outward vector n.

It should be pointed out that in order to solve the
boundary integral equation (13) the discretization of
the boundary should be introduced (Fig. 3) and the
adequate series must be convergent [19]. So, the
boundary Γz of soft tissue is divided into N boundary
elements Γj, j = 1, 2, ..., N. Next, the integrals in equa-
tion (13) are substituted by the sums of integrals over
these elements
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In this paper, the parabolic boundary elements are
applied and finally one obtains the following system
of algebraic equations
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or using the matrix convention

PHTGq += (20)

where K is the number of boundary nodes. The way of
computing Gik, Hik and Pik is described in detail in [18],
[11], [16].

To solve equation (10) describing the temperature
distribution in the bone tissue sub-domain the classi-
cal variant of the BEM for elliptic equation [2] has
been used, and then
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is an analogue of heat flux resulting from the funda-
mental solution, r is the distance between the points ξ
and x, d is described by formula (17).

As previously stated, the parabolic boundary ele-
ments have been used and for bone tissue sub-domain
one obtains the following system of equations
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Using the matrix form one has

0=+− cccc qGTH . (26)

The way of calculating ,c
ikG  c

ikH  is described,
among others, in [2]. It should be pointed out that in
system (25) both the boundary temperatures and the
boundary heat fluxes are unknown.
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Fig. 3. Boundary and internal nodes

In system (19), the components concerning the
successive parts of the boundary should be separated,
i.e.,
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where K1 is the number of nodes located on the exter-
nal boundary Γ0z, K2 is the number of nodes located on
the boundary Γcz between soft and bone tissue, K3 and
K4 = K – (K1 + K2 + K3) are the numbers of nodes
located on the vessel walls (arteries and veins, respec-
tively). Taking into account the boundary conditions
assumed, the system of equations (27) can be written
in the form
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Let us introduce the following denotations
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As can be seen, the successive vectors correspond to
the values of temperatures and heat fluxes on the exter-
nal and internal boundaries and the walls of vessels.

Additionally, we denote
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These rectangular matrices are extracted from the
matrices G and H, namely,

][],[ 43214321 HHHHHGGGGG == . (34)

So, the system of equations (29) can be written in
the form
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The number of the above vector components cor-
responds to the number of columns of the matrices G1,
G2, G3 and G4 ( similarly H1, H2 , H3 and H4).

Now, to the systems of equations (35) and (26) the
boundary condition (12) written in the form

⎩
⎨
⎧

=−=
==

Γ∈
,
,: 2

2

qqq
TTT

c

c

czx (37)

is introduced and then the coupling of the above sys-
tems gives
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The solution of equation (38) allows one to deter-
mine heat fluxes
– at the nodes located on the walls of arteries
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– at the nodes located on the walls of veins
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– at the nodes located on the external surface

)(1
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The last stage comes down to computations of
temperatures at the internal nodes from the sub-
domain of the soft tissue
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and at the internal nodes of bone tissue
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Internal nodes (as in Fig. 3) are introduced only in
order to present the temperature distribution in the
successive sections. So, the algorithm proposed be-
longs to the group of meshless methods.

The next step of computations (transition to the
successive cross-section z + ∆z) requires the averaging
of the temperatures of vessel walls within each of the
blood vessels (see equations (6) and (7)).

The blood temperatures (artery and vein) can be
found using the equations

zBzzTAzTzAzzT vBB Δ+Δ+Δ−=Δ+ 111111 )()()1()(
(44)

and

zBzzTAzTzAzzT vBB Δ−Δ−Δ+=Δ+ 221222 )()()1()(
(45)
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where
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while Tv1(z) and Tv2(z) are the averaged temperatures
of the vessel walls.

The idea of the algorithm proposed is the follow-
ing. For the cross-section z = 0 and arbitrary assumed
temperature TB2(0) (the temperature TB1(0) = TB10 is
known from the initial condition, of course) the sys-
tem of equations (38) is solved. Next, the mean values
of the temperatures of vessel walls are calculated
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Putting z = 0 in equations (44) and (45) the tempera-
tures TB1(Δz) and TB2(Δz) are calculated and these
values are introduced to the system of equations (38).
From this system of equations the boundary tempera-
tures for cross section z = Δz are determined. The
mean values of vessel wall temperatures are deter-
mined from (47), next using the formulas (44), (45)

Fig. 4. Flowchart

the blood temperatures TB1(2Δz) and TB2(2Δz) can be
found. These temperatures introduced to the system
of equations (38) allow one to calculate the boundary
temperatures for the cross section 2Δz. The proce-
dure is continued until the cross section z = Z is
achieved. If TB2(Z) ≠ TB20 then the procedure is re-
peated for the other value of TB2(0). The iteration
process is continued until the calculated value TB2(Z)
is close to the temperature TB20. Figure 4 shows
a block diagram illustrating the elements of the nu-
merical algorithm.
The final stage of computations concerns the tem-
perature distribution in the domain of the finger tip.
This part of the finger corresponds to the cylinder
shown in the lower part of Fig. 1. Taking into account
the dimensions of cylinder (L ^ R) one can assume
that the significantly overwhelming amount of heat is
conducted in the z direction and the 3D problem is
treated as a set of 1D problems concerning the sectors
between the upper and lower surfaces of the domain
considered. The starting points of segments corre-
spond to the internal nodes distinguished in the cross-
section z = Z. So, on the surface z = Z + L the Robin
condition is given (heat transfer coefficient is equal
to α), while on the surface z = Z the Dirichlet condi-
tion is known. In this way the problem is reduced to
a set of 1D tasks in the form
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with the boundary conditions
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where TZj are the known temperatures at the points
resulting from the nodes position for z = Z (Fig. 3).
The problems (48), (49) can be solved analytically, of
course.

3. Results

The following dimensions of the domain considered
are assumed (Fig. 2): finger radius R = 0.01 m, finger
length Z+L = 0.08 m, bone radius Rc = 0.005 m, artery
radius R1 = 0.0005 m, vein radius R2 = 0.00075 m.

Thermophysical parameters of sub-domains are
equal to [27], [28]: thermal conductivity of soft tissue
λ = 0.5 W/(mK), thermal conductivity of bone tissue
λc = 2.21 W/(mK), thermal conductivity of blood λB =



E. MAJCHRZAK et al.92

0.5 W/(mK), specific heat of blood cB = 3770 J/(kgK),
blood density ρB = 1060 kg/m3, perfusion coefficient
GB = 0.0005425 1/s, metabolic heat sources Qmet =
245 W/m3 and QBmet = 100 W/m3, blood temperature
in the capillaries TB = 28 °C. Additionally, the tem-
peratures TB10 = 28.6 °C, TB20 = 26.4 °C are taken into
account (see next section).

According to literature [6], the Nusselt and Pe-
clet numbers are equal to Nu = 4 and Pe = 100. On
the basis of this information one can determine α1 =
2000 W/(m2K), α2 = 1333.33 W/(m2K) and the blood
rates w1 = 0.0125 m/s, w2 = 0.0083 m/s.

The external boundary of the cylinder cross-
section is divided into 40 parabolic boundary elements
containing 80 nodes (Fig. 3), on the boundary between
soft and bone tissues the number of parabolic ele-
ments equals 20 (40 nodes). On the vessel walls
4 parabolic elements, 8 nodes (arteries) and 8 para-
bolic elements, 16 nodes (veins) are distinguished,

in other words (see equation (29)) K1 = 80, K2 = 40,
K3 = 4·8 = 32, K4 = 4·16 = 64, K = 216. In z direction
the step Δz = 0.001 m.

On the external surface of finger the heat trans-
fer coefficient is equal to α = 10 W/(m2K), while
Ta = 21 °C.

In Figs. 5 and 6, the temperature distribution for
the cross-sections corresponding to z = 0.02 m, 0.04 m,
0.06 m and 0.075 m is shown. As might be expected
the solution obtained is symmetrical, which is a partial
confirmation of the correctness of the numerical
algorithm. The relatively large value of the bone
tissue thermal conductivity causes that the tem-
perature field in this sub-domain is close to the ho-
mogeneous one. The greatest temperature changes
occur near the blood vessels. The artery and vein
temperatures decrease in the z direction and near the
finger tip equalize reaching the equilibrium value
(see also Fig. 7).

Fig. 5. Temperature distribution for z = 0.02 m and z = 0.04 m

Fig. 6. Temperature distribution for z = 0.06 m and z = 0.075 m
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Fig. 7. Temperature distribution along the vessels:
1 – arteries, 2 – veins

In Fig. 8, the temperature distribution on the skin
surface along z direction is shown. One can see that
the skin surface temperatures at the points close to the
regions of vessels are higher than the temperatures
between the regions of vessels and their differences
are clear. In the finger tip sub-domain the further de-
crease of temperature is explicitly visible.

Fig. 8. Temperature distribution on the skin surface
along z direction: 1 – close to the region of vessels,

2 – between the regions of vessels

4. Discussion

To confirm that the results are independent of the
number of assumed boundary elements, the calculations

are repeated with doubled number of elements. In Fig. 9,
a comparison of the results obtained for different number
of elements is shown. The solid line represents the blood
temperature distribution found for 216 boundary nodes,
while the symbols the same distribution for 432 bound-
ary nodes. The maximum temperature difference is equal
to 0.02 K and is entirely acceptable.

Fig. 9. Temperature distribution along the vessels
for different numbers of boundary elements:

1 – arteries (1a – K = 216 boundary nodes, 1b – K = 432),
2 – veins (2a – K = 216, 2b – K = 432)

The numerical algorithm presented above should
be verified experimentally because certain simplifying
assumptions have been introduced and the vein tem-
perature for z = Z was adopted intuitively. Therefore,
the thermograms of two volunteers have been done
in the same external conditions (α = 5 W/(m2K), Ta =
20 °C) and the results of measurements are shown in
Figs. 10, 11 (hand) and in Figs. 12, 13 (change of
temperature along the finger). As is well known the
thermophysical parameters of biological tissue are
varied and individualized (the same situation takes
place in the case of finger geometry), so it is difficult
to compare the results obtained (definitely harder than
in the case of typical technical problems). For exam-
ple, one can see the differences of surface temperature
distribution visible in Figs. 10 and 11.

The results of computations and experiments are
shown in Figs. 12 and 13. Calculations have been per-
formed using the parameters given in the previous sec-
tion, only the temperatures TB10 and TB20 were changed
by means of the trial and error method. Results presented
in Figs. 12 and 13 have been obtained under the as-
sumption that for person I: TB10 = 28.5 °C, TB20 = 26.8 °C
and for person II: TB10 = 29.2 °C, TB20 = 26.2 °C.

One can see that the courses of temperature pro-
files are similar, but the differences are visible.

Along the finger the skin surface temperature de-
creases by about 3 K. One can also observe a further
temperature decrease at the tip region.
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Fig. 10. Thermogram of the hand and measuring sector
along the finger (person I)

Fig. 11. Thermogram of the hand and measuring sector
along the finger (person II)

Fig. 12. Comparison of measurements
and calculated temperature (person I)

Fig. 13. Comparison of measurements
and calculated temperature (person II)

A partial verification has been done by comparing
the results obtained with the results presented in [5]. It
should be pointed out that the comparison was only
qualitative in nature because the mathematical model
used in [5] is based on the theory of porous media and
the way of presenting the results (dimensionless tem-
perature) rather prevented a comparison of numerical
values. But the general trends in temperature distribu-
tions are the same: the temperature of soft tissue sur-
rounding the arteries is higher than the temperature of
soft tissue surrounding the veins and the temperature
on the skin surface along the finger from the basal part
to the finger tip decreases.

It should be emphasized that the majority of solu-
tions discussed in the literature and describing the
temperature distribution in the finger domain are
based on the models of the whole human body and
they are used to study the thermal response to local
cooling, e.g., [7], [21], [24]. The results are presented
mainly in the form of temperature on the skin surface
of the finger as a function of time. Naturally, research
concerning transient problems can be very useful for
the analysis of thermal processes proceeding, for ex-
ample, in the human body sub-domains subjected to
the strong external thermal actions (both the high and
low ambient temperatures associated with the sub-
stantial value of heat transfer coefficient). The analy-
sis of steady state problems (as in the paper presented)
is no less important. Temperature field on the skin
surface along the finger under typical thermal condi-
tions depends on the blood perfusion rate and meta-
bolic heat source and the apparent differences in rela-
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tion to the typical temperature distribution may be
indicative of disease states. The quantitative estima-
tion of blood flow rate and heat generation are of great
importance for diagnosing blood circulation illness
and for the noninvasive measurement of blood glu-
cose [5].

In Fig. 14, the skin surface temperature along the
z direction for different values of blood perfusion rate
GB ρB = 0.3 kg/(m3s) and GB ρB = 20 kg/(m3s) is
shown. These results are obtained under the assump-
tion that TB10 = 30 °C, TB2(0) = 25.5 °C, TB = TB(z)
= 0.5[Tv1 (z) + Tv2 (z)] (c.f. equations (1), (47)), α =
7 W/(m2K) and Ta = 0 °C (c.f. equation (5)). For such
values it is possible to compare the results with those
presented in [25] wherein, among others, the steady-
state arterial, venous and skin temperature distribu-
tions along the finger are shown. The results presented
are slightly different than in [25], because the problem
considered here is not axially symmetrical and four
arbitrarily placed pairs of artery-vein are taken into
account in contrast to the model proposed in [25],
[26], where the thermal effects of a pair of blood ves-
sels are included in the model by assuming that they
act as two axially temperature-dependent line heat
source/sinks, respectively.

Fig. 14. Temperature distribution on the skin surface
along z direction (between the regions of vessels):
1 – GB ρB = 0.3 kg/(m3s), 2 – GB ρB = 20 kg/(m3s)

As can be seen in Fig. 14, for the low blood perfu-
sion rate the temperature is lower than in the case of
high value of this parameter. Thus, knowledge of the
temperature distribution on the surface of the finger
allows one to estimate the blood perfusion.

5. Conclusions

The thermal processes proceeding in the domain of
the human finger have been considered. The numeri-
cal algorithm presented is based on the system of
Pennes equations corresponding to the soft and bone
tissues and the equations determining the changes of
blood temperatures along the vessels (arteries and
veins). To solve the problem the algorithm being the
composition of the BEM and FDM was developed,
while a certain iterative procedure has been intro-
duced. As is well known, the thermal properties of
tissue (e.g., thermal conductivity, perfusion coeffi-
cient, etc.) are the individual features and may change
within a fairly wide range (in other words, they can be
treated as the interval numbers [17]). In this paper, the
mean values of thermophysical parameters are used
and it turned out that the results obtained are quite
satisfactory under the condition that the blood tem-
peratures TB10 and TB20 are chosen properly. In this
place the methods of inverse problems solutions can
be taken into account, e.g., [10], [14], [19], while
the additional information necessary to solve the
identification task can result from the knowledge of
temperature distribution on the finger surface. Such
a problem is currently under investigation. From the
medical point of view the identification of blood per-
fusion rate is of great importance for diagnosing blood
circulation illness [5] and this problem can also be
solved using the methods of inverse problems solu-
tions. The geometry of the finger domain can be more
complex, of course, and the successive layers of the
soft tissue (skin, fat, muscle) can be taken into ac-
count. It is also possible to use the algorithm proposed
for the modeling of thermal processes proceeding in
the conditions of low or high ambient temperatures
[12], [13] and the big values of heat transfer coeffi-
cients. The impact of protective clothing on the tem-
perature field in the domain of the finger can also be
analyzed.
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