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Hydrodynamic pressure, carrying capacities,
friction forces in biobearing gap

KRZYSZTOF CH. WIERZCHOLSKI

Institute of Mechatronics, Nanotechnology and Vacuum Technique, Technical University of Koszalin,
Koszalin, Poland.

The present paper deals with the calculations of the pressure distributions, carrying capacities and  friction forces derivations in a su-
per-thin layer of biological synovial fluid inside the slide biobearing gap limited by a spherical, conical, cylindrical, parabolic, hyperbolic
bone heads. There are also described unsteady and random flow conditions of the bio-bearing lubrication with the changes of the dy-
namic viscosity of the synovial fluid in the gap height in general.
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1. Introduction

The lubrication of biobearing surfaces is limited
by various cylindrical, spherical, conical, parabolic,
hyperbolic geometries (see figures 1, 2, 3). Friction

between biosurfaces is reduced by interposing a layer
of non-Newtonian fluids. Figure 3 shows the geome-
tries of cylindrical, spherical, conical, hyperbolic and
parabolic bearing surfaces.

The aims of the paper were to find numerical pres-
sure distributions in a thin layer of non-Newtonian syno-

      
 a)  b)

Fig. 1. Human joints: a) fragment of two cooperating cylindrical surfaces of human knee joint,
b) fragment of cooperating hyperbolic surfaces of human elbow joint
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vial fluid and to derive friction forces for various bio-
bearing shapes. Dynamic viscosity of the fluid changes
in the plane of bearing surface and in gap height direc-
tion. This paper generalizes the achievements in the field
of biobearing, obtained recently [1]–[6], [15]–[18]. Ran-
dom conditions are taken into account.

A general idea of the investigations presented in
this paper is to establish the influence of bone head
shapes in human joints on their carrying capacity val-
ues. Moreover, there is presented the influence of
impulsive time-dependent synovial fluid flow in joint

gap on the carrying capacity distributions in stochastic
changes of cartilage roughness with optimum standard
deviation.

2. Basic equations

Estimation of dimensionless terms with respect to
the boundary simplifications in the equations of con-
servation of momentum and continuity equation in the

Fig. 2. Human spherical hip joint and schematic location of friction and capacity forces
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Fig. 3. A view of curvilinear orthogonal biobearing: a), b) cylindrical surfaces,
c) spherical surface, d) conical surface, e) parabolic surface, f) hyperbolic surface
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curvilinear orthogonal co-ordinates α1, α2, α3, for
incompressible, non-stationary and unsymmetrical
lubricant flow in thin layer resting on rotational sur-
face of biobearing gap, with non-monotonic generat-
ing line, leads to the following system of basic equa-
tions [10], [11], [14], [18]:
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where in the length, width and gap-height directions,
we have respectively: 0 < α1 ≤ 2π, −bm ≤ α3 ≤ bs, 0 ≤
α2 ≤ ε. The system of equations (1)−(4) contains the
following unknowns: v1, v2, v3, i.e. three dimensional
components of synovial fluid velocity vector in three
curvilinear, orthogonal dimensional directions: α1, α2,
α3, p(α1,α3,t) − hydrodynamic dimensional pressure.
The symbol α1 stands for a circumferential direction
in each coordinate system, for example, ϕ in cylindri-
cal or spherical bearings. The symbol α2 is the gap
height direction, for example, r in cylindrical or
spherical biobearing. The symbol α3 indicates a lon-
gitudinal direction in each coordinate system, for ex-
ample, z in cylindrical biobearing and ϑ in spherical
ones. Hence we have the fluid velocity components:
(v1, v2, v3) = (vϕ, vr, vz) in cylindrical coordinates, and
(v1, v2, v3) = (vϕ, vr, vϑ) in spherical coordinates. We
denote: R − the radius of the curvature in α1 direction,
U = ωR – the surface linear dimensional velocity in α1

direction, and εT − an average dimensional gap
height,  ω  – an angular journal velocity. In a non-
classical theory of hydrodynamic lubrication, the dy-
namic viscosity η of the lubricant depends on circum-
ferential (α1), longitudinal (α3) and gap (α2) height
directions [7]–[9]. If the orthogonal curvilinear coor-
dinates α1, α2, α3 are the lines of curvature of a thin
layer of lubricant resting on the rotational biobearing
surface in gap, where α1 is a circumferential direction,
α3 − a generating line of rotational surface, α2 − gap-
height direction, then the Lamé coefficients for the
thin layer with non-monotonic generating line are as
follows [14]:

h1 ≡ h1(α3),    h2 ≡ 1,    h3 ≡ h3(α3). (5)

The synovial fluid flow in biobearing gap is gen-
erated by the rotation of the cylindrical, spherical,
conical, and parabolic bone heads. The gap height εT

changes in the gap height direction α2 with time.
Hence the boundary conditions for lubricant velocity
components take the form [12], [13]:

v1(α1, α2, α3, t) = ω h1  for  α2 = 0,

v1(α1, α2, α3, t) = 0  for  α2 = εT,

v2(α1, α2, α3, t) = 0  for  α2 = 0,

v2(α1, α2, α3, t) = ∂εT/∂t  for  α2 = εT,

v3(α1, α2, α3, t) = 0  for  α2 = 0,

v3(α1, α2, α3, t) = 0  for  α2 = εT.

3. Integration method

3.1. Fluid velocity distributions
in curvilinear gaps of biobearings

Various shapes of biobearing journals and gaps
simulate the capability to control and to attain the
desired, best operating parameters. Now we consider
the system of equations (1)−(4) in curvilinear or-
thogonal coordinates for unsteady flow and variable
viscosity η(α1, α2, α3) [4]. Solutions of the partial
differential equations (1)−(4) under the boundary
conditions (6), (8) have the following forms [12],
[14]:
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where: 0 ≤ α1 ≤ 2πθ1, 0 ≤ θ1 ≤ 1, bm. ≤ α3 ≤ bs, 0 ≤ α2

≤ εT, εT = εT(α1, α3), η(α1, α2, α3). Solution of the
continuity equations under the boundary conditions (7)1,
where v2 = 0 for α2 = 0, has the following form [12]:
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where: 0 ≤ α1 ≤ 2πθ1, 0 ≤ θ1 ≤ 1, bm ≤ α3 ≤ bs, 0 ≤
α2 ≤ εT.

3.2. Pressure distributions
in curvilinear biobearing gaps

We insert solutions (9), (10) into solution (12) and
calculate the expected value of both sides of the equa-
tion by using the expectation operator E. If we impose
boundary condition (7)2 for radial component of fluid
velocity, i.e. v2 = ∂εT/∂t for α2 = εT, then it is easy to
find out that the pressure function p in the curvilinear
coordinates (α1, α2, α3) satisfies the following modi-
fied stochastic Reynolds equation [14]:
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where the dynamic viscosity of oil is not constant in
the gap height direction, i.e. η (α1, α2, α3). If the dy-
namic viscosity of synovial fluid is constant in the gap
height direction, i.e. η (α1, α3), then:
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Hence the stochastic Reynolds equation (13) tends to
the following form [14]:
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The dimensional gap height εT depends on the
variables α1 and α3 and consists of two parts [14]:

εT = εTs(α1, α3) + δ (α1, α3, ξ ), (16)

where εTs denotes the total dimensional nominal
smooth part of geometrical form of a thin fluid
layer. This part of the gap height contains dimen-
sional corrections of the gap height caused by the
hyper-elastic deformations. The symbol δ stands for
the dimensional random part of gap-height changes
resulting from vibrations, unsteady loading and
surface roughness measured from the nominal mean
level. The symbol ξ describes the random variable,
which characterizes the roughness arrangement. By
using the optimal function f of the probability den-
sity distribution of the stochastic gap changes
caused by the roughness, the mean value of total
film thickness E(εT) and the mean value of function
(*), hence E(*), are represented by virtue of the
expectation operator in  the following form [14]:
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where the symbol c1 = 1.353515 denotes the half total
range of random variable of a thin layer thickness of
a normal hip joint. The symbol δ1 stands for the di-
mensionless random part of the gap height. We have
δ = ε0δ1 and c = ε0c1 , where the symbol ε0 represents
a characteristic value of gap height. The dimension-
less value of the standard deviation σs = 0.37539 was
obtained based on the calculations of real roughness
of microbearing surfaces. Using the dimensionless
probability function (17), after calculations finally we
obtain [14]:
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4. Friction forces in biobearing gap

This section presents the calculations of friction forces in micro- and biobearing gaps.
The time-depended components of friction forces in the curvilinear directions α 1, α3 in micro- and biobear-

ing gaps have the following forms:
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where:
0 ≤ α1 ≤ 2πθ1, 0 ≤ θ1 ≤ 1, bm ≤ α3 ≤ bs, 0 ≤ α2 ≤ εT, εT = εT(α1, α3), η (α1, α2, α3),
Ω (α1, α3) − the lubrication surface,
εT(α1, α3) – the gap height,
η (α1, α2, α3) – the fluid dynamic viscosity,
v1, v3 – the components of fluid velocity in α1, α3 directions, respectively.
In this intersection, the components FR1 and FR3 of friction velocity in α1 and α3 directions, respectively, will

be determined. By virtue of the components of fluid velocity (9), (10), the components (19) of friction forces are
as follows [18]:
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If the functions As, Aη from formulae (11) are inserted into (20), (21), then the components of friction force
can be put in the form [18]:
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where: 0 ≤ α1 ≤ 2πθ1, 0 ≤ θ1 ≤ 1, bm. ≤ α3 ≤ bs, 0 ≤ α2 ≤ εT, εT = εT(α1, α3), η(α1, α2, α3).
If a dynamic viscosity of the fluid does not change in the gap-height direction, then formulae (22), (23) tend

to the following forms [18]:
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where: 0 ≤ α1 ≤ 2πθ1, 0 ≤ θ1 ≤ 1, bm ≤ α3 ≤ bs, 0 ≤
α2 ≤ εT, η(α1, α3).

5. Particular solutions
for pressure and friction forces

5.1. Biobearings
with cylindrical bone head

For cylindrical biobearing we have α1 = ϕ, α2 = r,
α3 = z, and the Lamé coefficients are as follows:
h1 = R, h3 = 1, where R is the radius of the bone head
(see figure 3a, b). In this case, the modified stochastic
Reynolds equations (13), (15) and the friction compo-
nents (22)–(25) determine the dimensional pressure
function p(ϕ, z, t) and the components friction force
FRϕ(ϕ, z, t), FRz(ϕ, z, t), respectively, in cylindrical
coordinates (ϕ, z). The components of both pressure
and friction are valid for fluid dynamic viscosity
changes η = η(ϕ, r, z) in the gap height direction and
for the case where viscosity η = η(ϕ, z) is constant in
gap height direction, respectively [18]. Cylindrical
biobearing surfaces are shown in figure 1a, b.

5.2. Biobearings
with spherical bone head

Spherical bone head is represented by spherical
coordinates α1 = ϕ, α2 = r, α3 = ϑ, and the Lamé coef-
ficients: h1= Rsinϑ1, h3 = 1, where R is the radius of
the sphere (see figure 3c). In this case, the modified
stochastic Reynolds equations (13), (15) and the fric-
tion components (22)–(25) determine the dimensional
pressure function p(ϕ, ϑ, t) and the friction force
components FRϕ(ϕ, ϑ, t), FRϑ(ϕ, ϑ, t), respectively, in
the spherical coordinates (ϕ, ϑ).

The components of the pressure and friction are valid
for fluid dynamic viscosity changes η = η(ϕ, r, ϑ)
in gap-height direction and for the case where the

viscosity η = η(ϕ, ϑ) is constant in the gap-height
direction, respectively, [18]. Spherical biobearings are
illustrated in figures 1c and 2.

5.3. Biobearings with conical bone head

For the conical biobearing we have α1 = ϕ, α2 = yc,
α3 = xc and the dimensional Lamé coefficients are as
follows: h1 = R + xccosγ ≡ Xc, h3 = 1, where: γ − the
angle between conical surface and the cross section
plane of the bone head, bc − the length of the cone-
generating line, R − the radius of the bone head (see
figure 3d). In this case, the modified stochastic Rey-
nolds equations (13), (15) and the friction components
(22)–(25) determine the dimensional pressure function
p(ϕ, xc, t) and the components of the friction force
FRϕ(ϕ, xc, t), FRx(ϕ, xc, t), respectively, in the conical
coordinates (ϕ, xc). The components of the pressure
and friction are valid for the fluid dynamic viscosity
changes η = η(ϕ, yc, xc) in the gap-height direction
and for the case where the viscosity η = η(ϕ, xc) is
constant in the gap-height direction, respectively [18].
Conical biobearings are given in figures 1d and 3.

5.4. Biobearings with parabolic
and hyperbolic bone heads

For the parabolic biobearing we have α1 = ϕ, α2 =
yp, α3 = ζp, and the non-monotonic generating line of
the bone head in the length direction is taken into
account. The parabolic biobearing is represented by
the following dimensional Lamé coefficients [18]:
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where: a – the longest radius of the parabolic bone
head, a1 – the shortest radius of the parabolic bone
head, 2bp – the biobearing length (see figure 3e). In
this case, the modified stochastic Reynolds equations
(13), (15) and the friction components (22)–(25) de-
termine the dimensional pressure function p(ϕ, ζp, t)
and the components of the friction force FRϕ(ϕ, ζp, t),
FRζp(ϕ, ζp, t), respectively, in the parabolic coordinates
(ϕ, ζp). The components of both pressure and friction
are valid for the fluid dynamic viscosity changes η =
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η(ϕ, yp, ζp) in the gap-height direction and for the case where the viscosity η = η(ϕ, ζp) is constant in the gap-
height direction, respectively, [18]. Parabolic biobearings are illustrated in figure 3e.

For the hyperbolic bearing we have α1 = ϕ, α2 = yh, α3 = ζh, and the non-monotonic generating line of the
bone head in length direction is taken into account. The hyperbolic biobearing is represented by the following
Lamé coefficients [18]:
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where: a1 – the longest radius of the hyperbolic bone head, a – the shortest radius of the hyperbolic bone head,
2bh – the bone head length. In this case, the modified stochastic Reynolds equations (13), (15) and the friction
components (22)–(25) determine the dimensional pressure function p(ϕ, ζh, t) and the friction force components
FRϕ(ϕ, ζh, t), FRζh(ϕ, ζh, t), respectively, in the hyperbolic coordinates (ϕ, ζh). The components of both pressure
and friction are valid for the fluid dynamic viscosity changes η = η(ϕ, yh, ζh) in the gap-height direction and for
the case where viscosity η = η(ϕ, ζh) is constant in the gap-height direction, respectively, [18]. Hyperbolic mi-
crobearings are shown in figure 3f.

6. Carrying capacities and friction coefficients in biobearing gap

6.1. Carrying capacities and friction coefficients
in cylindrical bio- and microbearings

The carrying capacities in cylindrical bearing are calculated from the following formula [14], [19]:
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where ϕk denotes  the end coordinate of the film in a circumferential direction and 0 ≤ ϕ ≤ 2π, −bd ≤ z ≤ bd,
εT = εT(ϕ, z), 2bd is the bearing length.

Friction coefficients in cylindrical coordinates are as follows [18]:
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where eϕ , ez are the unit vectors in the cylindrical ϕ and z coordinate directions.

6.2. Carrying capacities and friction coefficients
in spherical bio- and microbearings

The carrying capacities in spherical bearing are calculated from the following formula:
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where ϕk is the end coordinate of the film in circumferential direction and 0 ≤ ϕ < 2πθ1, 0 ≤ θ1 < 1, Rπ/8 ≤ ϑ ≤
Rπ/2, ϑ = Rϑ1.
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The friction coefficients in spherical coordinates are as follows [18]:

sph
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|| ϑϑϕϕμ RR FF ee +

= , (31)

where eϕ, eϑ are the unit vectors in the spherical ϕ and ϑ coordinate directions.

6.3. Carrying capacities and friction coefficients in
conical bio- and microbearings

The carrying capacities in conical bearing are calculated from the following formula:
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where the symbol ϕk denotes  the end coordinate of the film in circumferential direction and 0 ≤ ϕ < 2πθ1, 0 ≤
θ1 < 1, 0 ≤ xc ≤ 2bc.

The friction coefficients in conical coordinates are as follows [18]:
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where eϕ, ex are the unit vectors in the conical ϕ and x coordinate directions.

6.4. Carrying capacities and friction coefficients in
parabolic bio- and microbearings

The carrying capacities in parabolic bearing are calculated from the following formula [19]:
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where ϕk denotes the end coordinate of the film in circumferential direction and 0 ≤ ϕ < 2πθ1, 0 ≤ θ1 < 1,
ζp1 = ζp/bp, −bp ≤ ζp ≤ bp.

The friction coefficients are as follows [18]:
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where eϕ, eζ are the unit vectors in the parabolic ϕ and ζp coordinate directions.
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6.5. Carrying capacities
and friction coefficients in

hyperbolic bio- and microbearings

The carrying capacities in hyperbolic bearing are
calculated from the following formula:
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where symbol ϕk denotes the end coordinate of the
film in circumferential direction and 0 ≤ ϕ < 2πθ1, 0 ≤
θ1 < 1, ζh1 = ζh/bp, −bh ≤ ζh ≤ bh.

The friction coefficients are as follows [18]:
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where eϕ, eζ are the unit vectors in parabolic ϕ and
ζh coordinate directions.

7. Numerical calculations

7.1. Numerical calculations of
pressure distribution and

carrying capacities in
cylindrical elbow human joints

As can be seen, human elbow joint is cylindrical in
shape. The gap height of a cylindrical biobearing can
be written as

εT = ε(1 + λcycosϕ), (38)

where: λcy – the eccentricity ratio in cylindrical mi-
crobearing, ε – the radial clearance in cylindrical bio-
bearing. In performed calculations we assume the real

geometrical and dynamical values of human elbow joint,
namely: the radius of cylindrical bone R = 0.026 m, the
length/radius ratio Ld1 = 1.0, the dynamic viscosity of
synovial fluid η0 = 0.15 Pas, the angular velocity ω =
1.0 s−1, an average value of the pressure p0 = ωη0R2/ε2

≈ 0.15 MPa, eccentricity ratio λcy = 0.7; λcy = 0.8; λcy
= 0.9.

R = 0.026 [m],   Ld1 = bd/R = 1,   η0 = 0.15 [Pas],  ω = 1.0 [1/s], p0 = 0.15 [MPa]

pmax = 1.73 [MPa]
Ctot = 1431 [N] 
ϕk =3.485 [rad]

λcy = 0.8

pmax = 0.85 [MPa]
Ctot = 824 [N] 

ϕk = 3.540 [rad]
λcy = 0.7

pmax = 5.43 [MPa]
Ctot = 3396 [N] 
ϕk = 3.400 [rad]

λcy = 0.9

film end

 film end

 film end

Fig. 4. Dimensional distributions of pressure in cylindrical biobearing
(human elbow joint) caused by rotation in circumferential direction

where dynamic viscosity of synovial fluid is constant
in gap-height direction and stochastic effects are neglected

By virtue of the boundary Reynolds conditions we
assume that the angular coordinate of the film end
assumes the following values: ϕk = 3.400 rad; ϕk =
3.485 rad; ϕk = 3.540 rad. The pressure distributions and
the capacity values in human elbow cylindrical joints are
determined in the lubrication region Ωd, which is de-
fined by the following inequalities: 0 ≤ ϕ ≤ ϕk, −bd ≤ z
≤ bd, where 2bd is the length of human elbow joint.
Figure 4 presents the pressure distribution in the gap
of cylindrical human elbow joint and its total capacity.
Numerical calculations of pressure without stochastic
changes are shown in figure 4.

Numerical calculations of hydrodynamic pressure
and carrying capacities are performed in Matlab 7.2
Professional Program by virtue of equations (15), (28)
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for a constant dynamic viscosity in the gap-height
direction, by means of the finite difference method.
By virtue of the calculations we can see that if the
eccentricity ratio increases from 0.7 to 0.9, then the
maximum value of hydrodynamic pressure increases
from 0.85 MPa to 5.43 MPa and a total carrying ca-
pacity value increases from 824 N to 3396 N.

7.2. Numerical calculations of
pressure distribution and

carrying capacities in
human elbow and foot conical joints

The pressure distribution and carrying capacity
values in the gap of human elbow, phalange, food
conical human joint, are presented, being conical in
shape.

The gap height of the conical microbearing and
biobearing is defined by

εT = ε(1 + λccosϕ)sin−1γ,    γ ≠ 0, (39)

where λc – the eccentricity ratio in conical micro-
bearing, ε – the radial clearance of conical micro-
bearing or biobearing and γ – the angle between gen-
erating line and the horizontal y-axis.

Numerical calculations are performed in Matlab
7.2 Professional Program by virtue of the equations
(15), (32), for constant dynamic viscosity in gap-
height direction, by means of the finite difference
method. In these calculations we assume: the least
value of the radius of the conical bone R = 0.026 m,
the length/radius ratio Lc1 = bc /R = 1, the dynamic
viscosity of the synovial fluid η0 = 0.15 Pas, the an-
gular velocity ω = 1.0 s−1, the average value of hydro-
dynamic pressure p0 = ωη0R2/ε2 ≈ 0.15 MPa, and the
following eccentricity ratios λc = 0.7; λc = 0.8; λc =
0.9. By virtue of  the boundary Reynolds conditions
the angular coordinate of the  film end has the values:
ϕk = 3.408 rad; ϕk = 3.489 rad; ϕk = 3.549 rad.

Figure 5 shows the numerical values of pressure in
conical biobearing gap at the angle γ = 75° between
conical surface and the cross section plane without
stochastic changes.

From the calculations we can see that if the eccen-
tricity ratio λc increases from 0.7 to 0.9, then the
maximum value of hydrodynamic pressure increases
from 0.78 MPa to 5.21 MPa. The total carrying capac-
ity in the y direction increases from 729 N to 2957 N
and total carrying capacity in the z direction increases
from 194 N to 729 N.

R = 0.026 [m],  Lc1 = bc/R = 1, η0 = 0.15 [Pas], ω = 1.0 [1/s], p0 = 0.15 [MPa]

γ=75°
γ=75°

pmax = 5.21 [MPa]
Cy = 2957[N]
Cz = 792 [N]

ϕk = 3.408 [rad]
λc =0.9

 film end

pmax = 1.62 [MPa]
Cy = 1267 [N]
Cz = 339 [N]

 ϕk =3.489 [rad]
λc =0.8

film end

γ=75°
γ=75°

pmax = 0.78 [MPa]
Cy = 729 [N]
  Cz = 194 [N]

ϕk = 3.549 [rad]
λc = 0.7

film end

γ=75°
γ=75°

Fig. 5. Dimensional distributions of pressure in
conical biobearing caused by rotation in circumferential direction

where dynamic viscosity of synovial fluid is constant
in gap-height direction and stochastic effects are neglected

7.3. Numerical calculations of
pressure distribution and

carrying capacities in
human hip spherical joints

In the case of impulsive unsteady motion, the di-
mensionless pressure in the lubrication region Ω {0 ≤
ϕ < π, π/8 ≤ ϑ1 ≤ π/2] is determined. The pressure p10
is determined by virtue of the modified stochastic
Reynolds equations (13), by taking into account the
time-dependent gap height with perturbations and
stochastic changes in the following form:

εT1 = εT1s(ϕ, ϑ1, t1) + δ1

= εT1s(ϕ, ϑ1) [1 + s1 exp(−t0t1ω0)] + δ1. (40)

The time-independent value of the smooth part of
the gap height has the dimensional form:
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ε0 εT1s(ϕ, ϑ1) = εTs(ϕ, ϑ1)

≡ Δεxcosϕ sinϑ1 + Δεy sinϕ sinϑ1 − Δεz  cosϑ1 − R

+ [(Δεxcosϕ sinϑ1 + Δεy sinϕ sinϑ1 − Δεz cosϑ1)2

+ (R + εmin)(R + 2D + εmin)]0.5. (41)

We assume the centre of bone head to be at the
point O(0, 0, 0) and the centre of spherical acetabulum
at the point O1(x − Δεx, y − Δεy, z + Δεz).The eccen-
tricity has the value D (see figure 6).

The dimensionless function:

s1 = 
),(
),(

1

1

ϑϕε
ϑϕ

Ts

ss     for    ϑ1s ≡ 
R

sϑ ,    ϑ1 ≡ 
R
ϑ (43)

describes the gap-height changes during the impulsive
motion caused by the force applied. The gap height
increases if s1 > 0, and decreases if s1 < 0. The symbol
ω0 denotes an angular velocity in s−1 and describes the
changes of time perturbations in unsteady flow of
synovial fluid in the joint gap-height direction. If di-
mensionless time t1 increases, then for s1 > 0 the en-
larged gap-height decreases, and in a sufficiently long
time after impulse it attains the same time-independent
value εTs. If the dimensionless time t1 increases, then
for s1 < 0 the reduced gap-height increases. In a suffi-
ciently long time after impulse, the gap attains the
same time-independent value εTs.

Numerical calculations are performed in Matlab 7.2
and Mathcad 12 Professional Programs by means of
the finite difference method for the radius of spherical
bone head R = 0.0265 m, the angular velocity ω0 =
0.15 s−1 of the impulsive perturbations of the gap

height, and the characteristic dimensional time t0 =
0.000001 s. The gap height (41), (42) is taken into
account, where such eccentricities of bone head as Δεx

= 4.0 μm, Δεy = 0.5 μm, Δεz = 3.0 μm are assumed. In
the calculations, we take the optimaum dimensionless
standard deviation σs1 = 0.375. We assume that the
dynamic viscosity of synovial fluid has the value of η0

= 0.50 Pas, the density of synovial fluid ρ = 1010
kg/m3, the angular velocity of spherical bone head ω =
1.5 s−1, the minimum value of gap height min(εT1s)

changes within the time interval of 0.000001 s ≤ t ≤
100 s, and attains the values within the range from
0.435 (4.35 μm) to 0.726 (7.26 μm). The average
relative radial clearance has the value of ψ ≡ ε0/R =
3.774⋅10−4. The characteristic dimensional pressure p0

= ωη0/ψ 2 attains the value of 5.267 MPa. The charac-
teristic dimensional gap-height value ε0 equals 10 μm,
the Strouhal number Str = 666666 and Re⋅ψ⋅Str =
0.202. For the dimensionless times: t1 = 1, t1 = 106, t1 =
108, i.e. for the dimensional times: t = 0.000001 s; t =
1.0 s; t = 100.0 s, respectively, and for s1 = ±0.25 we
obtain the distributions of dimensionless pressure
given in figures 7 and 8. To obtain real values of time
we must multiply the dimensionless values t1 by the
characteristic time value t0 = 0.000001 s. For example,
t1 = 106 denotes 1 s after impulse. To obtain a dimen-
sional value of pressure we must multiply the dimen-
sionless pressure values (see figures 7 and 8) by the
characteristic pressure value p0. Figure 7 presents the
dimensionless pressure values without random effects
for σs1 = 0. The dimensionless pressure values shown
in figure 8 are obtained for stochastic gap-height
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changes at σs1 = 0.375. The distributions of dimen-
sionless pressure presented for s1 > 0 on the left-hand

side of figures 7 and 8 are obtained for the marked
effect of gap height caused by impulsive motion. In
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min(εT1s)=0.580
 σs 1=0.0

p10max=0.488
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Fig. 7. Dimensionless hydrodynamic pressure distributions inside
the gap of human spherical hip joint in the region Ω: 0 ≤ ϕ ≤ π,

πR/8 ≤ ϑ ≤ πR/2 without stochastic changes (σs1 = 0) in the
dimensionless times: t1 = 1 (i.e. t = 0.000001 s), t1 = 106

(i.e. t = 1 s), t1 = 108 (i.e. t = 100 s), after the impulse moment.
For the increasing (decreasing) effects of gap-height changes

see the left (right) column of the figures, respectively. The results
are obtained for the following data: R = 0.0265 m; η0 = 0.50 Pas;

ρ = 1010 kg/m3; ε0 = 10 μm, Δεx = 4 μm; Δεy = 0.5 μm;
Δεz = 3 μm; ψ ≡ ε0/R = 3.774⋅10−4; ω = 1.5 s−1; ω 0 = 0.15 s−1;

Str = 666666; Re⋅ψ⋅Str = 0.202

Fig. 8. Dimensionless hydrodynamic pressure distributions inside
the gap of human spherical hip joint in the region Ω: 0 ≤ ϕ ≤ π,
πR/8 ≤ ϑ ≤ πR/2 for stochastic changes with the standard deviation

σs1 = 0.375 (i.e. 0.37 μm) in the dimensionless times: t1 = 1
(i.e. t = 0.000001 s), t1 = 106 (i.e. t = 1 s), t1 = 108 (i.e. t = 100 s),
after the impulse moment. For the increasing (decreasing) effects
of gap-height changes see the left (right) column of the figures,

respectively. The results are obtained for the following data:
R = 0.0265 m; η0 = 0.50 Pas; ρ = 1010 kg/m3; ε0 = 10 μm;

Δεx = 4 μm; Δεy = 0.5 μm; Δεz = 3 μm; ψ ≡ ε /R ≈ 3.774⋅10−4;
ω = 1.5 s−1; ω 0 = 0.15 s−1; Str = 666666; Re⋅ψ⋅Str = 0.202
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Fig. 9. Dimensional values of load carrying capacity versus dimensional time in the range from 10−6 second to 100 seconds after impulse
inside the gap of human spherical hip joint in the region Ω: 0 ≤ ϕ ≤ π, πR/8 ≤ ϑ ≤ πR/2 for stochastic changes of roughness of cartilage
surface with the standard deviation  σs1 = 0.375 (i.e. 0.37 μm) and without random effects for σs1 = 0. The results are obtained for the

following data: R = 0.0265 m; η0 = 0.50 Pas; ρ = 1010 kg/m3; ε 0 = 10 μm; Δε1 = 4 μm; Δε 2 = 0.5 μm; Δε 3 = 3 μm;
ψ ≡ ε 0 /R = 3.774⋅10−4; ω = 1.5 s−1; ω 0 = 0.15 s−1; t0 = 0.000001 s; Str = 666666; Re⋅ψ⋅Str = 0.202
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this case, if the time after the impulse increases, then
the gap height decreases and the pressure increases,
and in a sufficiently long time after impulse it tends to
the time-independent pressure.

The pressure distributions presented for s1 < 0 on
the right side in figures 7 and 8 are obtained for the
reduced effect of gap height caused by impulsive mo-
tion. In this case, if the time after the impulse increases,
then the gap height increases and the pressure decreases
and in a sufficiently long time after impulse it tends to
the time-independent pressure. Figure 9 presents the
dimensional value of load carrying capacity for human
hip joint versus the dimensional time ranging from the
beginning of the impulse to 100 s after the impulse.

8. Conclusions

Examining the effect of the shape of cylindrical
and conical biobearings in human joints on the pres-
sure and load carrying capacity distributions leads to
the following conclusions:

1. If the angle γ between conical surface and the
cross section plane increases in conical biobearing,
then the capacity increases in cross-wise direction and
decreases in longitudinal direction.

2. At the same angular velocities and synovial fluid
dynamic viscosities and for similar geometries, i.e. for
the same eccentricities, the maxima of hydrodynamic
pressure in biobearing of the cylindrical shapes of
boneheads exceed the maxima of hydrodynamic pres-
sures in biobearing of the conical shapes of boneheads.

3. Contrary to the biobearings with cylindrical
boneheads, the biobearings with conical boneheads
have carrying capacities in two directions.

Studying the effect of the unsteady lubrication of
spherical hip joint during the injury and impulsive
flow on the load carrying capacity and pressure distri-
bution with optimal standard deviation arrives at the
following conclusions:

1. If the gap height (s1 > 0) of a normal joint grows
as a result of trauma, then just after an impulse the gap
height decreases and the pressure increases. In a suffi-
ciently long time after impulse, the gap height and the
pressure attain the time-independent values. If the gap
height decreases (s1 < 0) as a result of trauma, then
just after an impulse the gap height increases and the
pressure decreases. In a sufficiently long time after an
impulse, the gap height and the pressure reach the
time-independent values.

2. If the time after the impulse is long enough, i.e.
for t1 → ∞, and if we take into account the optimal

standard deviations of the gap height, then the pres-
sure distributions for the increasing (s1 > 0) and de-
creasing (s1 < 0) effects of the gap-height changes
caused by the impulse are almost the same. This limit
pressure distribution can also be obtained from the
stochastic Reynolds equation (13) for the arbitrary
standard deviation σs1.

3. From the numerical calculations we conclude that
the pressure and the load carrying capacity of the joint,
obtained for the optimal standard deviation σs1 = 0.375
by virtue of the measurements of the roughness of nor-
mal cartilage surfaces of the human hip joint, decrease
by about 30% in comparison with the pressure and the
load carrying capacity obtained for smooth cartilage
surface without asperities and random effects.

4. The numerical calculations show that the big-
gest changes of pressure distribution and capacity in
human joint occur within the time interval from 0.1 s
to 30 s after an impulse.
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